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' The cover design is used by permission of Sonia D. Forseth.
(Copyright pending.) The design is a matrix illustrating mul-
tiplication 1n mod seven. There are six elements in the de-

 sign. These six elements are*shown on the top row and left
column. The results of multiplying‘the'elements are shown
in the cells of the matrix. The same matrix with numerals -
rather than designs is shown below. '

-~

e,‘ ¢ .
- ! ’
1 2 3 4 5 6
‘ 202 | 2.3 | 24| 25| 26
2 4 6 |1 3 5
. i 3.2 33 3-4 3+5 36
‘ 3 6 2 5 1 4
A 1.2 43} 4-4 4-5 | 4-6
4 1 |5 2 6 3
. 52 53 54 5+5 556
- 5 3 1 6 4 2
6° 2 63 6° 4 6-5 66
6 5 4 3 2 1
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. Section | provides more practice with the basic facts while

. INTRODUCTION

This ‘unit concentrates almost exclusively cn multiplicétion. .
Included within the unit are many gpportunities for independent
and group work. The unit is intended to be semi-self-instruc-
tional with much of the material déveloped through worksheets,
group work or class discussion, '

a8

examining the multiplication gables to discover their prop-
erties. The multiplication preperties of 0 and | and symmetry
(commutqtivity) are some of the patterns discus'sed, "
Section 2 uses arrays as-an embodiment of multiplication and
again the propgrties are examined. In addition, the.distribu-
tive progerty is\developed through the partitioning of arrays.

Section 3 develops the-standard multiplication algorithm by
extending the ideas of partitioning arrays. It is suggested
that the balance beam job booklet be used {n conjunction with
this section. The booklet examines the multiplication rela-
tionships demonstrated by the balance beam.

Section 4 reviews Cartesian products, especially their rela-
tionship to multiplication and experimentation. . -,
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NOTES ON TEACHING THIS UNIT
| ]
The worksheets in this unit are designed to encourage inde-
pendent work by the children, but this does not mean that
they need no help from you. As the children work indepen-
dently, you should check the work of individuals and help
them with their problems. It is important that as you help the
children, you do not give them the answers, but rather guide
. them to the answers by appropriate questions and comments.

In each lesson the children do several worksheets alone or

with partrners. An explanation of the concepts on each work-

sheet is provided in this manual. If sn\)eral children have

trouble with the same concept, you may want to take them

aside and work with them as a group. In some lessons extra

- worksheets are provided for fast wopkers. The rate of progress }
through the student manual will depend on the abilities of the

children in your class.. Encourage the children to work as j

. quickly as they can and not to spend too much time on a work-

. - sheet. The unit should be completed in four to six weeks. -

I

When you are ready to start Section 3, you may want to let
half of the students begin the job booklet while the other
. students do the worksheets, While one group of chiMren
“ ’ is doing the job booklet, you-can work more closely with
. the other students on-the worksheets of Section 3. These
worksheets examirfe the multiplication algorithm in vertical
form. Most likely, the students \ ilk'need more supervision
and explanation from vou in this section than they will on -
. the worksheets of other sections. When the first group com-
- pletes the job booklet, these students*can then do the work-
sheets with your assistance while the other group does the
job booklet. You will-probably find that the group-doing the
_ worksheets finishes before those doing the job booklet. The
extra time should be spent practicing the algorithm, You may
want to make additional z'.eets of practice problems to help
the students become proficient with the algorithm.

N

( ‘ Co




Section 1 -

Factors, |

Products and

Multi\plication
Sentences




mﬁ 52 PLODUCTS AND MULTIPLICATION SENTENCES

PURPOSE

In this section the students learn:

— To work independently -- reading, following instructions
and completing the worksheets with a minimum of help from
the teacher.

- To identify‘_factoxs and produéts in multiplication sentences

: and to sufply missing factors and products in sentenc%s.

- To write multiplication sentences for. a given product, to
Iist the factors for a given product, to illustrate multipli-
cation sentences graphically with arrays, and to describe
arrays with multiplication sentences.

Y
— To apply the properties of multiplication.by 0, 1, 5 and 9
to multiplication problems$ where those numbers appear as
factors.

COMMENTARY .

In thig unit the students will be working independently or with
partners on many of the worksbeets Not every student wili
complete all worksheets or all problems on a worksheet, But,
all students should be allowed to work independently and be
*ncouragec to complete as much as they can of each work-

3 sheet with @ minimum of help from you.




Several lessons include extra worksheets for fast workers:
Slower children may do these wqrksheets at home or in other
free time 1f they wish. Some lessons also include worksheets
for class discussion. All children should complete these as.
a group. The worksheets have been dividetd to approximate
one day's work per lesson. Feel free to adjust this schedule
to the abilities of your students. As with most units, this
one should be completed withilf four to six weeks.

In Lesson | the students complete several worksheets inde-
pendently. They identify factors and products in multiplication
sentences, .and fill in,missing parts of other sentences. They

. draw arrays and write multiplication sentences for those arrays.
Then the students write multiplication sentences for given -
proucts without drawing arrays.

P -

«
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Lesson 2 coiitinues the work with writing multiplication sen-
tences for products. Then the students isolate the factors
for a given product. For example, for the product 16, the
factors are 1, 16, 2, 8 and 4. The students complete several
worksheets independently and then complete a few more as a
class discussion. This discussjon reviews the concepts pre-
S sented on the worksheets of the first two lgssons. *
X [ hd
Lesson 3 includes two mathématica} games that provide prac-
tice with the basic multiplication facts and with addition and
-subtraction. The different versions of each game also provide
.practice with computational skills. The students shoéuld be .-
) encouraged to play these games for the remainder of the school
: < year, and espectally during this unit when they have completed
the independent work of each lesson. .

In Lesson 4 the students continue their independent werk.
They study properties of multiplying by 0 and I. Whenever
0 is a factor, the product is always 0. Whenever | is a
factor, the product is always the same as thc¢ other factor.,

" The students are introduced to the use of multiplication charts
where factprs are arranged in nimerical orcder along the top
and side of the chart. The students work with ordered pairs
and Arays that illustrate multiplication, particularly by 0 and
I,

i, :

- -
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"Lesson 5 introduces the use of a letter as a placeholder for

a number in an arithmetic problem., First the students-use
letters as placeholders in addition problems, and then in
multiplication problems. The students do several worksheets
.inde ,endently, and then complete three others as part of a
class discussion that serves as review and practice of con-
.cepts presented on previous worksheets, \ .

Cad

Lesson 6 is completed as a group. The students study bi—,
lateral symmetry in pictures and in additicn and multiplica-
tion charts. - They measure angles with"the clock protractors -

. that were.used in Unit 26.

In Lesson 7 the students work
independently on worksheets .
that provide practice with mul-
tiplication facts. They learn
séme properties of multiplication
by 5 and 9. Whenever 9 is a fac-
tor, either the product is 9 or the
sum of the digits in the product
totals' 9. Whenever S is a factor,

‘the product must end in either 0

or 5. Some worksheets include
word problems and number lires’
that serve as models for multipli-
cation, Other worksheets review
the similarjty between multipli-
cation’ and repeated addition,




Lesson 1:

REVIEWING FACTORS, PRODUCTE, ARRAYS
AND MULTIPLICATION SENTENCES

In this lesson the children study the words "factor" and
*product." They find missing factors, and products. They
review rectangular arrays, write multiplication sentences for -
arrays and draw arrays for sentences. The children draw :
arrays for the counting numbers 1-10.

MATIRIALS

Q?" Worksheets 1 -7 (independent)

PROCEDURE

R

L

LS )

In this lesson the children com-
plete Worksheets | through 7
independently or with partners
during one class period. As the _
children work, go arougd the
room checking their progress.

Do not give away answers, but

. lead the children to discover

their vwn answers when they

. have problems. If several chil-

dren have trouble with the same
concept, take those children .

that will clear up the problems.
The content of each worksheet is
axplained onf the following pages.
(Any children who finish these
worksheets rapidly, should go on
with Worksheets 8 and 9 in the
next lesson.)

. Explain to the children the work-

ing,procedure for this unit. ‘In
most lessons the children will do
a set of worksheets independently
or with partners. You may want
the children to work alone and only

N

aside and.lead a group discussion *

.




secnsparally cnecs taoir work with a friend.  (Several work-
sheets tell the childien to check answers with a friend.,
Necile which prucedure you will follow and explain this 10 o
the coildren.

. \ow have the children do Worksher:s | through 7 independent-
ly or with partners for one class period as you go around the

. room checking their work. . If children are having trouble or
are not working fast enough, help them with these problems
. but do not give away the answers.

» R .

o { .

Worksheets | and 2 give
practice in using the words
"factor" and "product, " iden-

~

You wil} he® workird alone or with o . .

[Pt RT O My 6ol the norksheets in - tlfylr_\g faCt_ors and-prOdUCtS,
Fhis mangad . tachk day do oply those and Illling in miSSIng factors
workahee 1 vour teacher tells vou to do, and products.

On Worksheet 3 the children
study rectangular arrays.
They see that a multiplication
sentence can describe the
array. The first number in
the sentence tells the number
of rows; tha second number
tells the number of objects in
each row, The chilfiren write
multiplicetion sentences to
‘describe arrays. ’

Q N
ERIC ‘U
\ ~V -




Sorksheet 1~ \ame

Unit

®

Each nuersl 1n a multiplication senfence has 4
nase. The names are* fector and product. .

-

factor fector product

2 .3=6

let's look et the praduc!.'
The product of each sentence below fa (ircled.

5.3:@ @:3.4 1.9=@

4
Circle the product 1n each sentence:

3.7@ . 85-9-@ s.6=
@:z.g @:g.i

In the eentences ahove, the products are 21, 45,
48, (8, ord 81,

Caution:

Fill tn the fi. t9 tfrcte oned.

c6-40 5.1 80 ...
2.10:-20 1-2:_’_'5_ 3-6

W
o

B~

Serksheet 2 Neamw .
Unit 27

@ ’ facter preduct
2 -3=6 .
Mich mmbers are facters? .91_-.3._

-

feacter

@ 5-3=15. 15 is the preduct.
S amd J ere the V.

(@ Circle sach facter in these sentences:

©Q@=n ()@=n @@: N

@ In the sentences abeve the facters ere:
dand 7, 9and 8, 6 and 4.

A

(® Pi11 in the atesing facters. *

é_.g.; s-&'-uo ‘u-a'_-'l

Yorkaheel )

tn

1

e e o8 rovw
e e e Trow

This 1e an arrav. s oo e row

write the word array here QLrra (V

The multiplivation senience oo row
3« 2= 6 deacribe« this s e row
arrey. e row

The erray han 3 rows and 2 ohJects in each row.
The firsi number In the sultipiication sentence
tells the number of rows.

The second number telle the number of objects
in each row.

Here Is an array.
5 + 2 - 10 deacrihes tle arrey. —

ow many rows are there in the arrav? oo
k\nv objects in each row? _é___

~
Write a sfntenie for this arrav: :::
q-3s /-

RN

T™his arrav has f./__ s with :2_ objecta In
each row, v
The wultiplication sentence le 4 - 3 = 2.

N o

Worksheet 3 (Cent izwed) N

.

@ Write o sentence te describe

this orray: a ‘5-= ,O

»

The first mmber telle the masber of X QWS

There ere rows in the erray. '
The second nuer tells the mmder JQ.‘JS&*S
in sach ¥

There sre ehjecte in each rew.

(@ write o mitiplication sentence for each array.

-8
2T L/ = [
: . E:é.a:.la.

@ C(heck your work with e friend.

ERIC

Aruitoxt provided by Eic:




Serksheet 4
iy 27

@

DPraw an erray for thie sentence ¢

L

[ BB 3
®ae
*en

+3=12

™he first musber tella the number of rows,

Aows €O 8CTOPe.

Your array eshould have 4 ruee.

T™he second nuster tella the nusber of objecte

in each row.

Your srray should have 3 objecte In each row,

Draw an areay for each sentence.

On Worksheet 4 the children
draw arrays for multiplication
sentences.

"On Worksheet 5 the children
maxe arrays and multiplication
sentences for the counting
numbers 1-10.
they draw all possible arrays
that have a total of 9 objects.
Then they write a multiplica-

or example,

3.4 2 3»3=9 5.8=46
" sieseces i tion sentence for each array.
« 0 9 L e L L ) . N
P v e EERRARY The children should save this
LI ‘e’ RS worksheet for reference when
$-5:=46_  6-4°-26 4-6:=2 they get to la.:r worksheets
IR S ee v that ask them to write all the
A vl er e possible multiplication sen-
R or sl cre v tences for a product and to :
.0 r, , o1 ¢ . ~
e um ’ find all the factors fer a pro—
duct. '
E a t .
rkeneet § - worksheet § [Cont inued)
tmt 20 )
" 7 s 9
TV Drew as mans rec tanguiar areays as you can for - .
o '_umt.t‘r_ Fofangu crvesee [¢T=T ] ceenenne -8 % 111=9
3:. Arite~1 mltiplivation sentence for enc?? arrey. E 7 ] - 7 . %.|’8 .: q|=7
m ™ ) : ' -
K | NI o3 3 N
® ; o0 s .o 1 b 3-3°9
;ﬁ-\ e
] Lo H e 4-238
4 b3 ‘6 10
vewe T ceces "555 XYY (*@‘6 tesssssese I.,o.'-“o
: v, tes (I E b.;:b §
: e 5 -5 : P10-1%10 3
* :
| St * el 203ce
M v 2-5=I0
w 3e2:6
o0
LN ]
. H (heck your work with
; : EE 5'~2_‘—‘-}0 @ a friend,
e Save lhln’ workeheet

L

™ « worksifeat contiryes on the next page

®

to help you do rther
worksheets,

E

Aruitoxt provided by Eic:
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Full Tt Provided by ERIC

worksheet b Name

tt 27

i’\ Write as sany different aulT1pl1cat ton sentenes 4s
you can for ea.h product. The 1irst one 1s done for
you. Drae arrays 1f you haw to.

i} Product llrlle the sultiplication sentences here*
- T, 2-1:2
'l 1-2-2
K 1-7:1
~' “ 1.| :7
rlo 110:10 10-1 =10
T 2:5+0 5-2= 10
! p b=
9 L-‘f"‘i Go1=9
3-379 e
13 5«45 i5-1=15
3.5=15 53
BOME L2 YT
4 .. - - o)
- N 12 - — P -~ £
’ 34202 4372

worksheet 7 Name
Unic 27 -
{;'Flh in the sissing factors and products.
— .:::.".M Wrile your anevers hore.
factor + factor = preduct
3-2=— 3 2 é
e T=Te [ 7 7
€ 6% ‘. 6 2 L{
Y 1 5 s
5.85=.— s s 35
__.-3=18 A 3 18
Caut fon: factor + factor = product
me— | |4 |33
= — P b b qa
—=3-3 3 |7 9

Yoy have just Lompleted  worksheets.
. L

Fast workers van do Workshee s 8 and 9
1f your teacher tells you to.

On the next wet of workshects, do not
do any marked Class Diacussion, until

your teacher tella you tn.
. 1

!

On Worksheet 6 the children
! are asked to write multiplica- -
tion sentences for products.
They are told to draw arrays
{f they have to.
Worksheet:7 gives practice
in filling in missing factors
and products. In the process,
the children also practice
their multiplication facts. If
the children do not know the
products for some problems,
suggest that they use their
multiplication machines from
Unit 25, counters, oOr arrays
to find the products.

-

N
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i Legson 2:  WRITING MULTiPLICATION SENTENCES FOR PRODUGCTS

+

The children writg multiph’catiop sentences for given products
and study the factors for a given product. As a class, they
. discuss the concepts on the first set of worksheets. ‘

MATERIALS - =,

-~

= Worksheets 8-9 (independent)

ot =~ Worksheets 10~11 (fast workers) - .
. — Worksheets 12-14 (discussion)
PROCEDURE

In Activity A the children do Work:::heets 8 and 9 independ~
ently. Fast workers should complete Worksheets ‘10 and ||

also. Review with the c¢hildren the procedure for working
. ) independently.

LY

e

In Activity B, the children discuss Worksheets 12, 13 and\ 14

3S a group. Activities A and B should be completed in one

class period. Activity C is an optional ccmmentary about the
‘worksheets. :




-

A JAN

Activity A . '

» ) / -
vorksheot 8 asks the children to write four multiplication
sentences with 10 as a product. The children circle each
factor 1n cach sei:ntence, and then write each different factor.

They write eachsfactor only once: I, 10, 2, and S. ‘

.

On Worksheet 9 the children write five multiplication sen-
tences for the product 16, and then write the five different
factors: |, 16, 2, 8, and 4. They also write sertences

and factors for the product 9. '

| N

Worksheets 10 and ! | are for fast workers. On Worksheet
16, the children draw arrays for the counting numbers 11-20,
and then write a multiplication se..tence to describe each - -

array. ’

On Worksheet |1 the children write sentences for certain ]
products, and then list the different factors for each product..-

+
-

Wworksheet 8

. ) worhshect 9
tnit 27 * 7

Name

tnit 27 ;
. @ Wwrite five miltiplication -omom(sllh:|t have
@ Wwrite four msltipitcation sentences that have the product 16, i v_;‘ - l.L, l"‘ R l(' :
the product 10. 3 , - )
. - a8= IG 8. L lle U - L
/ 10=io. 10-(=1(0 | , J-4=1
“ H .
- A-5=10 5= [0 - -
= . @ write the rive different factors tor the |
3) , Here are the sultiplication sentepnces that - senteiices that have 16 as the product  Wwrite .
have 10 as the product. - each factor only once. »
) tirc te each factor. - l, l(’, 9\,8,”
v " ‘ y
1)- - 10 0)- 10 ’
o @) - O & @ write, all the multiplication ~entences with 9
T - /2)= as the product,
@ ®w GO i the D .
o [+9=9 =9
() write each factor for the mltiplication - 3.3-9
seatences *hat have 10 as the product. Write -
" earh factor only once.”
q ¥ . @ write all the different factora for the
Il IO ) J R . sentences that have 9 as the product. Write
' each factor only once.
1@ The faitors for the product 10 are: ! ' q s 3
1, 10, 2, 5. -
' ) - (3) (meck your work with n friend. There are
® © three factors for the sentences that have 9
‘ a~ (he product.
" . & :
"y LAl
0 €«
1] 4 J ’ \ ,
\)4 b . ¥

ERIC

Aruitoxt provided by Eic:




' _\- )
- ",
-
: . Fast Borkers ‘
ortamaet 10 Mocksheet 10 ((ont inued} ’
r t 1 N
tnit 27 ~
A8 ‘ 17 .
o ] eeseessccccecens ie=le N B . -
- @ @ a8 many re.tangulsr arrays as you can for < : hs oy
. ch product. Then,write a sultiplication . 1: iz N T :;
, . sentence for each srlay. . s P
= 4-4=it
" 2 L 2080 /‘ 11 1=17
vecsssescne fodlwll] S 3300 34 H
o=l : " 330 3+4=) HIC DAY
Z vz 333, :
HI . ‘ :::4"3 1 |g. .................. 1818 19
: . . E g | eee— 1-19=/9
- wnn 20612 - 1871 =18 £9.2:19 .
Po2=n2 y ' S :
. r e 209248 90219
11 14 . 1 . =
............. e | L[ [mmaees e
113813 =g . . N
. : 20 1-20220
: TRESL] P15 mIS
E g . 20°1=20 - 45 +| @ (heck your work  °
: w74 - { =2 with a friend.
D i3azd | e i 355 | — hm-‘ henti 201010 u @ Save this worksheet
e 'y . 4 - ’. - : to use 1ster.
07 24 i5-3%05 N
‘. 1120 .
.
: . ¢ N | Faat, Workers I
- L
hY h . worksheet 11 Name
~ . N - Cntt 27
‘ . J ‘ . '3
. - I\. write every multiplication senlen:e for each product. -
P n
N Then 11st ull the differsnt factors.
- . -
. . o .| . I Product Multiplication sentences | Factors
, . -1.8=8 8 - *
8.-1=8
Worksheets 12, 13 and R 5. 2.4=8 | 2.4
. r4 will be used for - 4:2-9 d
“class discussion in the 1" [-N=H KL
next activity. But, if y : ) NRER )
some children complete
. af P
the other worksheets ° - fz-!lz= :i 1,12
apidly and cofrectly, . 12 C g =12 2,6
/et them try Worksheets ] ’ c2=200 | 34 .
f WIS 3.9: % =
12 and {3, if yruwish. 43 =2 . .
2 ‘ . There are slx sentences. 1
! . y ) 1.4 =14 I, 14 A
« ° , gl = 4 2, 7
2-7=i%4
. ez =14 There are
12 ; * I eour fhctors.
. . q
Q . N " . £ . ‘
= . S
ERIC Z
4 »

L4




Activity B

a . . - .
Give the children a few minutes to do Worksheets 12 and 3.

After about 10 minutes, go through Worksheets 2,
All children should be included in this discussion.

as a class.

13 and 14

0
Worksheets 12 and |3 review concepts presented on the first

nine worksheets.

By this time you will know any problems

the children encountered in their independent work. As you
go through the worksheets with the children, spend time re-

viewing the trouble areas so that all°ch‘il§iren will understand
the work they have been doing.

On one part of Worksheet 13 the children write the different "
factors for each counting number (I-20).

If any children have

trouble doing this, suggest that they look at Worksheets §

and 10.

(Not all children will have done Worksheet 10.)

. Lead them to see hew drawing arrays and writing multiplica-
tion sentgnces can help them find all the dlfferent factors

for a given product.

at
.

| € laes Discussion l

lornheet Iz \ame
Lnit 27 »

factor

@ mt (< misafng (n this qemcm;e"
Y

% B

FilL {n the miscine part (n the sentence above.
7 and 2 are the £°~_Q.‘_"

ahove

rS in the sentence

@ vwrite all the mitiplication sentences that have

the product 9.

gz q

oo q =9

339 .

) T -

(9 Write all the multiplication senfences that have
the product 13. §

f-4d= 13,7 CT .

NN

“u

Worksheet 12 {Continued! . 2

Unit 27
20 o0 o
@ Oraw an array with 6 rows "2 % * ¢ o
and 5 objects in each row; , . ) * ®
e e o 3
e, ,

@

'._.Q‘...

Qo

Write a multiplication sentence to Ielcrlh the

'rnyywdmb 5— 30

Write a sultiplication sentence
to describe this nrny

Q2918

Draw as many arrays as you can with 8 ebjects
in each array. Also, write a multiplicalion
sentence to describe each array you draw,

3 . "yf-g

Sevesecsse
secsccccee

«

': LN B B 3 I I
togazg
I




‘ (lass Dis.yssion l

*

If some concept has been
particularly difficult for the
children, take time to pre-

Worksheet 13 Name
tnit 7 g sent other examples. Ac-
:D Write all the wultiplicatlion sentences chat have t1v1ty C prOVIdes an expld-

Try to (Ind the factors without writing
suitiplication sentences. You can write
sentences firgt If yuu have to. {Hint* LUse
Worksheets 5 and 10.)

nation of some of the con-

the product i8. ' $ -8
- DM cepts. You may want to
- J write all ihe armn for “thoae sentep.es you read the commentary before
o mrote bR WP doing Worksheet 14. After
@ write all the factors for each product hejoe. completlng Worksheets 12

and 13, you should have a
gopd idea of how the chil-
dren are doing and what

od f tors Ttactors |
Lo we tactors L protuct  cactors | areas need extra work.
Sy ey P |
N 2 2.0 by :
Ty, T w ~ T On Worksheet 14 the chil-
e e IIED o lliat shar-ateas :
L SRS o0 S 14 1427 dren classify the set of
»_%___ ;?L_J :’ . '8 :',’4 counting numbers (1-20) -
(3
. *:_ DN T — into subsets according to
N AT R W mzede the number of factors each
‘ L) KE 19 i ’ ,
o Toin T it has. The worksheet tells \

. the children to study the
} thart of factors they made
- on the previous worksheet.
) If you feel the children

- ’ * need additional practice
1n writing multlpl'catmn sentences and in identifying the dif-
ferent factors, have the children construct another chart on
the chalkboard. For each produc- a different child can write
the multiplication sentences and list the factors. Then each -
child puts each product on the correct branch of his worksheet.
You may want to draw the tree on the chalkboard also.

’

@ Save this worksheet to help you do Worksheet 14.




B e ‘ — —
= \

. Serkehoot 14 (Cont inwed)
Worksheet 1e N

tnit 27 -

1) Lovk 41 the hart o #urksheet 13, You tound
that sume produd (s have man §actofs, and other

produc ts have only one or teu t4 tors,

L]
@ Here Is the wrt ;lf produ. ts-
1, 2,3, 4,5.6,7,8,09, 10,
1, 12, 13, 14, 1S, 16, 17, 18, 19, 20

'® Each branch of the tree on the next page is
. for a Jifferent m-tr“r of factors. write each
product on the bramh that teils how many
f s tors that product has,

~~
. 4 tur rmple M prodin £ 2 has two Lo tors,
2 i~ o the branch that ~ays  two Factors.
- v

%

Actwvity C (Optional Commentary)

This commentary provides further explanation of some of the
concepts presented on Worksheets | through 9. If the chil-
dren had trouble on ths first set of worksheets, these com-

. ments might be helpful for you to plan additional work for the
children. If several children need additional help, you could
take those children asife and go through Worksheets 10 and.

. Il with them. These worksheets were for fast workers, but
can also provide additional practice for other children.

On Worksheets | and-2 the words "factor" and "product" - -
were introduced in order to provide a convenient language for
later work. The word product is used somewhat incompletely
here because in the sentence 3 - 4 = 12, the expression 3 - 4 .
could also be called the product since it is another name for :
12. The children are not given a definition of product, but
are only expected to identify a product in a multiplication

- . sentonce and fill in missing products in other sentences.

€, "y
<u
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The use-of arrays on Worksheets 3 and 4 provided a graphic
picture of the multiplication operation with whole numbers.

- The commutative property (2 - 3 =3+ 2) and the multiplication
property of one (! - n= n) should become obvious when manip-
ulating arrays.

On Worksheet 5 the caildren found all the possible arrays for
each number. The activity was purposely open ended so that
the children had the chance to explore in a nonstructured sit-
ation. Although the student might not have found all arrays
(or factors), he was encouraged to find all that he could. His
previous knowledge of the multiplication facts should have
proved helpful. He discovered whether or not he found 11l the
arrays (or factors) when the class discussed Worksheets 13
and 14. Drawing arrays on previous worksheets provided a
means of finding all the factors for a given product. Work-
sheets 6, 7, 8 and 9 gave the children practice in writing mul-
tiplication sentences for products and in isolating the factors
for given products. Any children who had trouble finding all
factors for a product should be encouraged to.draw" all the
possible arrays first.

Now you will learn some math sames!
Play These games whenever vou haje free time.

This is the instruction
page from the Student
Manual for Lesson 3.
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Lesson 3: MATH GAMES: MULTIPLICATION, ADDITION "

SUBTRACTION AND COMPUTATIONAL SKILLS

. The games in this lesson provide practice with basic multipli-
Gation, addition and subtraction facts, and if extended, prac-
tice with computational skills. You should devote a leisurely
-class period to teaching the first version of both games. The
games provide a pleasant break in class routine and can be
used again later in the unit whenever you feel the children

.. ) need a change from the independent work they will be doing
on the worksheets. For children who complete the worksheets
in each lesson rapidly, you may want to suggest that they
play these games in their spare time.. Encourage the children
to play them during free periods or whenever they have .time.

MATERIALS - ; .

. c -~ for spinner game --
t
— spinners -
’ — spinner discs, numbered 0-9

- Ehce, numbered 0-5 and 4-9

— paper and pencils

~

-- for factor game -~

— paper and pencils ’

PREPARATION

Assembled Spinner

You or tk» children should get the metal spinner arrows,
spinner bases and the white squares from the third-grade
kit. Draw a circle on each square and divide it into ten
parts. Number the parts 0 through 9. This is the disc.
Assemble each spinner by putting the disc on the base and
the metal arrow through the disc and into the base.

PFOCEDURE

There are two games with several versions each. After the
children learn the first version of each, teach them the others

3




and encourage them to make up new z/ersions. Do not put too
much pressure on these games, but rather encourage the chil-
dren to hdve fun while learning. You should expect a reason=
able amcunt of noise while they are playing. If some children
are playing games while others are completing the worksheets
in later lessons, have the players go off to one comer of the
room and remind them to play as quietly as ‘possible so that
ihay do not disturb the other students.

SPINNER GAME

hd L

-

The four versions of the spinner: game providé practice with
multiplication, subtraction and-addition.

Version | ' . )
Two children play this version. The players have paper,
pencils and one spinner with a disc numbered 0 through 9.
The tirst player spins the spinner:twice to generate two fac-
tors. He multiplies these factors and 1ecords the product.
The second player spins twice, multiplies the factors and
records his product. Then the first player spins again. The
game continues until each player has generated and added .
three products. The nlayer with‘the higher score after adding
three products wins the round and gets one point. The first
plaver to win five points wins the game. -

Exan;ple: ]
Alan Lynne
T 0= 7 9-|=.9 .
7-6= 42 2:7=14
8-8= 64 4-0=_0
113 23

Alan wins one point for this round.




»

~

The students might wish to add another rule that any player
who spins 0 * 0 wins the point, and a new round is started.

The game could also be played with a pair of diqe, one num-
bered ¢ - 5 and the other 4 - 9. (Regular dice could be marked
“.with numbers or used as they are.)

¢

"4

i

Version 2

Two or more children play, using paper, pencils and the
spinner or dice. In this version the children set a goal, for
example, 125. One child spins to generate two factors,
multiplies them and records the product. The next child does
the same. Each player adds his products after each turn and
keeps a running total. The winner qf the game is the player
whose total gets as close as possible to the goal without
going over it. If a player goes over the goal, the other player
wins that game._(If several children are playing, the child
who gets closést without going over wins. Any child who
goes over the goal is out of the game.) If a child gets close
to fhe goal, he may choose to "freeze" at that score and he
may not spin again for the rest of that game.

For further variation, the children might wish to play the game
several times. The child who comes closest to or reaches the
goal each time gets one point. The first child with five points
wins. " '

[ 4

\]

Example: Goal= 125

" Bill Joe
5x 7=, 35 3x7= 2I .
Ix5=_5 * 5x9=_45
40 -0 66
3x7=_2l 2x8=_16
6! 82
Il x6= 6 4x9=_36
o7 I8 Freeze
4x8= 32 '
99 Joe wins the game (or one
2x9= I8 point if they are playing
) 17 several times).
Iy 6= _24 .
141
A Bill lost pecause he went over the goal. .
19
3 A |
J o
Q ' - |

ERIC >




Version 3

Two cr more children play. The players choose a starting
number, say, i25. This version is similar to Version 2 except
that this time the children subtract the products and work
back to zero.. Whoever comes closest to zero (or hits it
exactly) is the winner of the game. Again, the children

-~
s

winner each time.

Example:

Pat

might want to play several times, giving one point to the

Lori

125 125
5x6=-30 5x9=-45
95 80
4x5=-20 6x6=-36"
75 44
Ix4=-4 Ix8=_2:24-
71 .20
Ixd4=-12 4 x5=_-20
59 0
4

35 Lori can't be
3x6=-18 beaten — only
17 tied!

4x4=-16

|
5x7=-35

Pat went past 0, Lori wins.

Version 4

This version, called "tug-o-war," is played by two students
with one sheet of paper, pencils, a spinner and a disc hum-
beréd 0 through 9. Each player, in turn, spins the spinner

to generate a product. One player's goal is to reach (or pass)
100 by adding each of his products to the running total. The
other player's goal is to reach (or pass) 0 by subtracting ,
each of his products from the same total. They start with a
scere of 50. The players must decide who will add and who

will subtract. P




In the sample game telow, Kim spun 7 and | on her first turn, -
so she- subtracted the product, 7, from the starting score, S0.
Jeanie spun 9 and 2, and added her product, 18, to 43, bring-
ing the running total up to 61. Then Kim spun 3 and 4, and
subtracted 12, which made the total 49. Then Jeanie spun 7
and 8, and added 56 to the running total. SHe passed her
goal, 100, and won that game,

Kim (goal = 0) Running total  Jeanie (goal = 100)

50
7-1= 7 -_7
43 /
+ 18 9-2=18 :
61l
3:4=12 - 12 .
49
+ 56 7-8=56
105 ‘
. ) Jeanie passed her goal and won.
FACTOR GAME . - <
¥

The two versions of this game provide practice in multiplying
and in writing-multiplication sentences. )

21
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Sion . R

'y

Two students play this version with paper and pencils. .
. Plaver A writes the whole numbers } through 20 on a piece
. of paper. Player B circles one number and then writes as‘ . .
many multiplication ‘sentcnces as he can, with that number
) ‘ 13 the product. Player B gets one point for each sentence -
’ ne wrote, - ’

‘ - Example: . . g . ,
123456789 10 1112 13 14 15 16 17 18 19 20

Player B chose 6 and wrote these
examples: 1 6=6, 6 1=6,
2-3=6,and3- 2=6, Player
B got four points for his first turn,
Now Player A-chooses a number,
draws a box arcund that number,
writes the sentences and gets one
point for each sentence.

Each player goes through the
procedure again, After eacn
player has had two turns, the
children add their points. The
player with the highest score
wins that round.

Then the players play another
round, cach having two turns to
choose a number<«and write the .
sentences. This round starts . .
using only those numbers that
had not .been chosen in the first SV
round. .After two turns each, '
they add theii points, ard deter-
.. mine the winuner of the second _
y . round. Using these 20 numbers, RS
+ the childrén can play five rcunds. . : .
The player who wins three or '
more rounds, wins the game!




' Example:

: 12'54'5C)78()lﬂ||[]|3|4|sle|7|a|920

Bill Kristi

|- 6=6 o 2:5=10 )
6-1=6 5-2=10 :
4 points ‘ > 4 points
2-3=6 C1-10=10 .
: 3-2=6 10- 1 =10 ’
ﬂ
1 -9= I -12=12
Ipcints £ 9-1-38 2.1 =12
1
-3=9 2-6=12
3 > 6 pointsg
6-2=12 ]
- 3:-4=12 ,
4-3= |2_J
. - .
7 points = Bill's total Kristi's total = 10 points -
. Krist! wins the first round.
‘ *

Version 2

The game can be extended by using numbers larger than 20,
'for example, the numbers between 20 and 40, Encourage the
children’to think of other variations,

* 23




Losson »: MULTIPLYING BY 0 AND |

’ *

In this lesson the children learn to multiply by 0Oand 1.

- Worksheets-and multiplication charts provide additional
practice with.factors and products and with simple mddti-
plication facts. The worksheets review ordered pairs and
using *‘numbers in an ordered pair as factors in a multiplica-

tion sentence..

MATERIALS

J

’

"~ Worksheets 15- 24 (independent)

- Works‘heets 25 - 26 (fast workers)

* PROCEDURE

Sorkaheet (3 L Name
tnit 27

1n this lesson You do Worssneets
15 - 24 alone or with a partner. Fast
workers car do Worksheets 25 and 26,

-
’/i'\, Wlitiplying by zero Is easy.
¥hen you sultiply bv 0, the product i always 0.
‘ B

@ If you draw an arr-\y'wuh 0 rows and 3 ohjects
in ea'h row, you have O objects.

If you multipiy O « 3, the product s O.
0.3 -

@ When you multiply hy O, the product tx always O.

When you see a sulttpliiation problem with 0 as )
A fainr, you know the product is

@ Fill tn the misstng products:

5.0  mw.0:-%2

O
0 53

ol R = ... Mm -0
s ,
@ product in each’ problem above ts 0.

Whenever O §a a factor, the product ts always

9
-291 -0

SN

The children complete

Worksheets 15 through
24 independently or with
partners.' Fast workers
should go on to Work-

sheets 25 and 26.

On Worksheet 15, the
children lea];n a.property
of multiplying by 0.
When 0 is a factor in

. a multiplication sen- -
tence, the proguct is

always 0. Zero times
any number is zero.
The children'do several
problems with 0 as a
factor. -0




N » 4 \ork-heet, 17 Name i
4 worksheet 16 N e Lnit 27 .
tnit 27 |
;’ C
~. F11] in the miasing factora and product-
. (D wuitipiying by one ts easy. . Remewber the propertieaof multiplying by O and 1. .
o Te - When one factor 1s |, the product fe the same ) .
. . as the other fettor. Read the -ult!pllcnllon ¥rite your anewera
. . ) t here. here.
D 10 o grs e i o w1 0l i R i
y rom. ¥ e 0. 15z . o | 15
1€ you sultiply 3 - 1, . i - = — B Q
the product s 3. e J w1z 0. 41 = . 0 & o
b @ When you sultiply by 1, the product is alvays 1155 1 13 15 _
the same as the other fector. 1 - 41 = 1 \¢t q[
= ] @ Fill in the missing products: ' :_5__:}:= N i I\ )n ':nT
N ‘IB-'IT.LL t-ﬂz-.s.j_ 2 .3 | =0 . 0 n 1,0
. (3 n the irat probles, the product s 18. ' | =0 o Q °
me product in thg second problem 1s 57. . s 81 - =81 s | 8
/ "w product in the third problem is J. Caution: factor *» factor = product
) (© _Fil1 th the missing products, ‘ | —=9%0 . ) 0 0
A4 S L i I P . LA R el i | !, 9
~ — =12 l a Al
. )] (Ymk\ynur -ork with a friend. i ——;= PY 5 2‘ o
, 1 T A O N B
s ' » 0=__-13 ' 0 13 (o]
AY P - 0
. .Worksheet 6 studies | as a factor. j[‘he children discover
¢ that whenever | is a factor in a multiphcation sentence, the
y ‘ product is always the same as "the other factor in the sentence,
Thé effect of multiplying by | is-also illustrated by repeated
b *.addition and arrays. Tie children fill in missing products of
! sentencns that contain | as a factor. .
. " 1
Wgrksheet 17 gives additi\ornal practice in multiplying‘ by 0
. an;:l Paint out to the children that whenever they encoun-

. ter a: ultiphcation problem with 0 or | as a factor, they

’ an quigkly- fill in the product using the two propemesh they have
?ame&. ke mphaglze that the children must be alert to notice

- 0 and l/gs factors in problems, but that they do not need to o

J spend fmuch time memorizing or practicing multiplication by’

T, . 0 or . < g
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Worksheet 18 introduces the
use of multiplicat199 charts.
The numbers across. the top

» and along the side of the '
chart are factors. The num-
bers in the squares of the
chart are products. The chil-

.@

i i G
[ 3
a‘ . .
Sorksheet 18 Name
Unit 271~

Look at the multiplication chart bejow.

®

The mmbers ac-oss the top are factors.
'I'l};\m.-u down the side are factors..

®

A suitiplication problem is written in each
oquare.

The preduct for the probiem is nl-o in each
square.

Use the chirt to

dren study a chart with num- ) do these problems. o | o “‘:°" 2 1 s
bers 0 through 3 across the 0-0:-0
- = wow VI A
top and 0 through 2 along the 2.3 6 . °|. " . o
sidg, and write the products R o
1-1=_0_ T
and multiplication sentences o ¢ » o g
in the squares of the chart. oo "3— 2 | i |z |2
‘ P [ .
The children use the chart to 13 = —
work a few multiplication . ® FUIE tn the factors
. sultipiication
problems. Then the children . problew end the : 5 0 ‘ ,
fill in the multiplication sen- | -»° '3.,""“.",:',,}“.,"::" Y o O
tences and products on a ~% . sultipitcation g =0.]° ;
small chart with 0 and | as g o |
factors. e <0 |=1
«!
Worksheet 19 ‘:ue e Worksheet 20 - Name
Untt 27 . Unit 27 R
® Turn to Worksheet 20. @ Look as the multlplication chart on Worksheet 19.
4‘ .g::k:::!c;:)" :o help you :ns-er e ques(lom o @ How uEy squares are there in the whole chart?
4 . FA(‘iO!G . HINT: ‘l'hlnk)’of 1t as an array with ten rows
‘L. . * and ten objects tn each row. . .
\oo:zaog 6 1 als} ) ‘ 3
. . R : i
0l { ! , @ Use 0 as i ractor.
> ~______Q..gl ;Q-‘*"O“ ,"a"?’Q ‘,'Q' *’O ‘“&Q'*T’L Fill In as many products as you cap with O as &
S M AR e
. 2l R ‘ ) | | : | | } How many.aquares dld‘you 71 1in? e
‘T.F"'"*""‘*""‘:““ e i SR d sy ,
3 O } ) : f | § ' @ Use 1 as a factor. -
E-‘ v ‘ T - F#! in as many products as you can with 1 as a
3 OAq i P . N . tor. ,7
= SLO.{-. ‘ b ' many equares did you 111 in?
' P I O it B + *‘ . . »
61 0 Gan IR, D _J @ Using O and | as factors, 1 filled In 36
;%'57‘:7* * N . i ! “ N squares.
. e e - “_L'“‘“f""""“"’ 4 et . - Lq
WO 8' A : ! ! @ That means there are .. squares that are not
-;—-bﬂ?——# AR e S S AP filled in.
2110 : | L
S T - b @ (heck your work with a friend. Save the chart
on Worksheet 19. \
Save this chart to use later rie A
* ’ [ \
’ . . L
) - 10
Qo ' y 37
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On Worksheets 19 and 20 the children study a multiplication
‘chart that has factors 0 through 9 along the top and side.
The chart 1s on Worksheet IS and some questions about the
chart are on Worksheet 20, The questmns on 20 tell the
chifdrén to fill in squares of the chart.

-

_ _ First the children determine the total number-of squares’ on
~ R the chart (100). Then they fill in all the products using 0
as a factor. These products arz all zero and go in the first
row and first coh,mn of the chart.” (There are |9 squares
with 0 as the product ) Next they fill in all products using
| as a factor. Each product is the same as the other factor.
These products go in the second rcw and second column of
the chart. (The children fill in 17 squares using | as a
factor.) The children see that they can fill in 36 squares
of the chart using 0 and | as factors. Tell the children to
save the chart to use later. .
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Sorksheet 21 ame S - worksheet 22 \ame
tmt &7 intt’ 27
. _ .
.. h ry —
1 Div ts a orderes pars 1, 7 : 'bj Here are the answers for Worksheet 21, (hedk
Here is an array with 1 roe and '1 vbje ts 1n the | your work. R
Tow: I X X X X X X | ; ’ .
HS box 1Y 1+7 -7 hox 2V~ § »
! Fimish the multiplication sentence that destrihes " - " .‘ ¢
the tolal nusber of uh)ﬂls 17" box 3! 16, 11 box 41 1,0
T here 1v an ordered pyir 41, 1. ’ ’ . 6-1=6¢ 1.8 =3
Here 1x a number 1ine with I' jump and 6 r#paces .
198 Jue o e e, . @ Write an ordered pllr foramsmdzobkcll\
. - . R ' in each row, \3 2 ) N
Fintsh the multiplication sentence that denrlhe- Draw an arcay with 3 and 2 objects In each
the total nusher of spaces 1 «6:- 8 < .
bl rom, ) .
3 Q‘, _ Here ts An Array with 6 rows M . L .
. and | object in each row: P 5 e I .
' : 16, ( ) Write tmultiplication sentence to describe the
erite the urdered pair [0F 1hal 4FTAY" e 'Arr;y <4
Fintsh the multiplis ation sentence that describes - i J . a - L
the total nusber of ohjes ts tit the’ arrny
6 .1 - ® . N .
e e+ = e e b e
o~ T T S 3)| write the o d pal
4 Here |s a2 nusber line showing 7 jumps and t space O € rdered palr and lh:'-'llllpllc.tlon
-~ i each Juep: . sentence for this array: oo
3 LW 3 2 b/ "] L%
7 ordered palr _fi‘.})__
-
*rite the uedered patr .(J.J..!_)- muitipiication sentence _a"} - b /
Wwrite the sultiplivation senterve that describes .
f the total number af space~. 9. | = '7
7 - a
: .
. Sarksheet 23 NAME o — Worksheet M4
Lt 27 Unit 27
j 12, 4' 1% an ordered patr. Write ordered pairs and muitiplightion sentences.
- =
The firat member of the patr fslh . . = -
* v two nusbers | erdered paira | sultiplication sentencea
The secoml member of the palr is ' 6 3 - ] i
. 6ad3 | 10,3 -
24 ¥ - g
l’ " 3. 6 - l
-
5 Write a differept apdered pair using 2 and 4. Sand 9 ' ¥ . a., 1 Q"- ;72
& . >
4. 4 , a.¥,
# . - o
The firat member is___ . T ord 6 ('7,5 ) 2.;__‘{
- . -
The <econd maber 13 9. , ®, M [ =42
4 & & sanas | (H ., U.-e=9¢
. 7~ - .
. (‘,‘{n« ‘_“{lf a'(
I §, 9 1m an nrdered gair. 3 9 - RFI 3 and 8 3 ’ ¥ 3‘ - ‘2“/4
®rite a different nrdered pair (‘i }) '8 '3 8'3 - R
using 3 and 9. 1 your o
Write 3 mtiplis tinn aenteoor fnp vayr ‘ o nmberas.
nedered patr. and
9:3-277
) .
2
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On'Worksheets 21 and 22 the children study ordered pairs of
whole numbers. Arrays and number lines illustrate graphical-
iy an interpretation of the ordered pair, and also illustrate
multiplication by |I. The student applies the operation of
multiplication to the ordered pair.. In the first example, the
children study an anay of | row and 7 objects in the row.

The ordered pair is (1,7). The numbers of the ordered pair

are used as factors to produce a third number, the product:
1«7=7,

On Worksheets 23 and 24 the students again study ordered
pairs, this time writing two pairs for a set of numbers. The
numbers in the pair are used as factors to produce a product.
The children see that two ordered pairs using the same num-
bers generate the same products. For example, the numbers

2 and 4 can be written"in two different ordered pairs: (2,4)
and (4,2). Using the numbers in each pair as factors, the
children write two different multiplication sentences, but each
has the same product: 2+ 4=8 and 4- 2 = 8.

Worksheets 25 and 26 are for fast workers.

Worksheet 25 provides practice with simple addition, sub-
traction and multiplication facts. The children work each

problem and then put the numbers from the problems into a

puzzle that resemples a crossword puzzle,

Worksheet 26 involves multiplying by 0 and |. With multi-
plication problems and word problems the children see that

when the product is 0, one factor in the problem is also 0.

They see that when one factor is | and the product is, say,
21, the other factor is 21.

Children who complete these worksheets quickly should be
encouraged to play the spinner games. *Or, they can fill in

the remaining squares of the multiplication chart on Work-
sheet 19,

L

29




Serkshoet 23

Unit 27
.

Fast Workers

‘Put ene mumsrel in sach bex. Use tee bones for a

~ 2-digit amewer.
.

3
i

w?
’..

- N
HHd

oW
..

S

wWAaN
-

u-oil

-
U

i

O3 0~ =-FaAaNNSAATS
e T 0. . v el e e i

.
[ B
'u
n!

§

Oven

b, 4 - 8=
Ce 15 ¢ 16 = ____
d, 2+7=

e. 18 ¢+ 18 =

f. 60 -9 =

€. 9+8=

). - =

k. 2-6=

1. 14 +19 « X2 + 17 =
. 19 + 19 =

Fast Serkers

Serhshwet 26 Noas
Unit 27
o-m=_0O

Mon ene facter 1s O, the preduct fe cl-”_g___.

O .u=0
Wen the preduct fs O, ens facter u_Q_.

0

If tee facters sre O, the preduct fs

‘. one= 83765

Shen e fecter fe 1, the preduct is slways the

e 0 The otk op fachor

o

If ene facter 1o | and the preduct is 21, what f»

the other facter? a '

If ems facter 1s 1 and the preduct 1s 937, what 1s

the other fecter? q 3 ‘7




Lesson 5: USING A LETTER AS A PLACEHOLDER FOR A NUMBER

In this lesson the children are introduced to the idea of using
a letter as a placeholder for a number. First they use letters
in addition problems (n =6, | + n = ?) and then in multiplica-
. tion problems (if n= 2, chenn * 3= ?). The worksheets re-
view multiplication by 0 and 1, using letters as factc:s, writ-
ing ordered pairs, drawing arrays for ordered pairs, writing
multiplication sentences to describe arrays, and commutatlvity

. . of multiplication,
MATERIALS ‘
— Worksheets 27-29 (independent)
Now yeu can do Sorkaheets 77, 28 and 29. ~ Worksheet 30 (fast workers)

Fast wortere can sloe do Serksheet 10.

— Worksheets 31-33 (discussion)
PROCEDURE

In Activity A, Worksheets 27, 28,
and 29 are completed independently
or with partners. Worksheet 30 is
for fast workers.

In Activity B'you dlscués Worksheets
31,32 and 33 as a group.

Activity A

Worksheet 27 {ntroduces the use
O» et 4o 4y werkohoets warbed “Class of a letter as a placeholder for a
Dlecwesion,™ until your teacher teils you to.

number, Examples are given for
addition problems. The purpose
of the introduction is to familiar-
ize the children with the use of a
letter in place of a number, and to help them discover how to
determine what number a letter represents, and how to deter-
mine the sum of a letter plus a number when they have been
told the value of that letter. In the first example the children
are told that n equals 6. If n= 6, then | + n is equivalent to
I +6. The sumis 7, There are other similar examples. The
children are given some of the answers at the bottom of the
second page so that they can check their work.
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1
Serkaboet 27 Name
unit 27 ] - Worhohest 27 (Cuntinued)
/D You van use a letter tn place of a nusber.
-/ - @ Here are msre addition preblems ueing lettere
* Let’a try some addition preblems using letters. S
in plece of numbers.
) . <
‘2 tat’s say that n = 6, Find the sums. Add.
ten="7
=1 fowrite cach prebien weing nwbere 1if you have
1+6= .
ton=7 te.
—~
‘ ¢ that b = 2,
3 latis sy @lrrsa.ti—rocnq Mnt: 3+ 4=
b.e 3 =7
: e T
b”"i Ifx=1.thax°..-)~'l
- a=e, tonttoan T
. 4 let's say x = 3, lo
-~ IEN=3, thn 7 e b= _SV
x+9% =7
3.s-8_ *
) x°5=8 @My--rt. If you got sy wreng anewers,
~ Z read this werkshest again.
5 iIfp=<4, thenp * p ~
(heck thia snswer =aith s friend. \ Here are thw amwers: 7, 13, 27, 17, 10.
- Sorksheet 28 (Oontinved)
Yorasheet 28 Name
unit 7
@ If you had trowble finding the preducta te the
:D A letter can replace a factor In a prebiess In number 4, read the firat page of
witiplication problem, thia worhsiwet agatn.
In these problesm we will use letters aa factors.
- T™e amssers te the preblens In mmber ¢ are:
2 Lat’'s say that n = 6.
" Here ta how you find the product of 1 - n, when Itx=4q, theal - x2 4
n=6. Itn=2 thean+3= §
Mx=7 then2 -x= 14
. n=6 y=4, thmy - 3= T2
1 +n=?7
Tenz=1-6
t«<6:=6 @ Find the slesing preducta. Try te work the
1 -n=6 " problems witheut rewriting thew,
o~ lrs-lo.tlns-l-_Lo
3' Let'a aay that & = J. ax) . “—f
~ teaz? 1 -a=? Ifea=7, tond - a=
Find the product. I-n=l-_2__ 17
1.2 ‘_‘1" ey, theond 3= é
° AR | lrc-:.m-u-c-L’
. P
f: Find the si. !5g products. Mx=3 theax- -7 —
T Mawrite tle predbles wing the nuber In place of tn=g, thend - a = a ‘-I
the jetter only if you have to. Try not to _—
rqerite the probiee.
Itx-a theot - x- 4 @ Ohock your work oith s friend.
If n = 2, then*n » J = [2
W x=7 then2:x= i If you snde alatahes, try the predliems sgatn.
Ify=4, theny * J = ﬁ:
Q

ERIC
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On Worksheet 28 the children begin using letters as factors
in multiplication problems. The childrén are told the value
of a letter and then are expected to use that letter as a fac-
tor to determine the product.’

Worksheet 29 reviews the properties of multiplying by 0 and
| in the context of using a letter in place of a number. For
example, the children are given several problems where n =0,
. n is a factor in each problem and the children must find the -
: product, which is 0 in 2ach case. In other problems the chil-
dren are told that x = I, x is a factor in each problem. The
product is always the same as the other factor in the problem.

/\ ] ®
Worksheet 30 is for fast workers. If the children have trouble
with'Worksheets 28 and 29, you may want all the children to
do this worksheet. It provides additional practice in multi-

plying using letters as factors. -
Ve . .
. . Fast Workers
Werhsheet 29 h___- Worksheet 30 Name
nit 27 Unit 27
,n When you muitiply by O, the preduct Find the missing products.
“ ta always O. ‘
When you sultiply by 1, the preduct Ifn=6, thenn + 1 = b
ts always the same ss the other Tocter. " S—
Ifb=4, thenS « b= 20
72) De these prodless. n = O In each predies. —_—
- o 2l
""7=_Q_. "'5'_Q.. n-9x M dm=7, thenm « I =
: ll-nio _O__ln"l O =n-.om O
Ifx=0, thenx + 3 =
3\, Os these probiess. x = | in each prebles. O
e ‘ifz2=3 tenz + 0~
l'3l=l_t_xcﬂ.l_ul‘ ch-q —_—
: Ifq=13, thengqg + 1 = ’3
/&) In the prebless in member 2, where n = O, thd —_—
e ~ product of each prodiem Is 0. .
- > In the Prodless in number 3, where x *.1, the (heck your snswers with o friend or sak yeur teacher '
product of each preblem is the saue as the
other fettor. N for the correct a swers,
@ If you sade nistahes, study this werhehest agein. »
Aok a friond te help yeu.

g - i




Activity B

Give the children a few minutes to do
Worksheets 31, 32 and 33. Then, as a
class, discuss these worksheets.

Workshéet 31 includes a review oi multi-
plication by 0. and |. The children work
problems involving factors of 0 and I,
and thev review the properties of multi-
plying by these factors. Ask different
children to give the answers and reasons

* for answers to the problems. The work-
sheet also includes a multiplication
chart that gives practice in multiplying
by 0 through 9. You may want to draw
this.chart on the chalkboard and ask dif-
ferent children to come to the board to
fill in the squares.

-

lctees m.cu.ml . lcrees Dracussion]

¢
Worksheet X2 Name

Unit 27

(V) Do the problems: ) (1) Write two different ordered pairs with these

0-9= Q 9.0z 0 “‘;fi: ‘3.)“: (3 L)
som.0:_0 0.0:_0 T ;_m—o:m

@ Fill in the sissing preducts:
KK X 3 ’ .f‘|. 5'

o159 w63 1.0a !

Twmever ene facter is 1, the preduct is ol
m.-:..r'\.: .o'-rinr- Jachr .. i

&) Oraw sn srrsy for esch qrdered pair:
LI 4

. -0 ® ¢ 0 80
! o r o o,
4 # o0 0 0 ,
e
[{

Tarray for first pair) (arrsy for second pair)

(3) 1111 tn the preducts in this suitiplication chart. .
. \fII) Write s multiplicstion sentence that describes

— " %‘l”‘l"f‘l’i' M esch srrey:

“Jo.oe!

Jo i o 3=1§ 3b=18
P__z__’_oéaéqi (first srray!} Tsecond arrey!

N At

»-'A-h-o;‘lj (D |fn=3,lhenn-‘l=é_‘_mn-5=_’_£_
10:5 10 lfx=0.lhnx-l=,ﬂ_m1-x=i
LQAJ‘\. . Ifa=0 thentd .- v0s.7:.9
:dg.lilz.:' av; o, Ity & theny+3 i amnyey- 1%
P iavand




On Worksheet 32 you discuss with the children the concepts
of writing ordered pairs, drawing arrays for those pairs, and
writing multiplication sentences to describe the arrays. Also
on this worksheet, the children get additional practice in
using a letter in place of a number. The problems$ give prac-
tice in multiplying by 0 and | (with & letter as a number) and

< . also provide examples of the commutativity of multiplication.
‘ Class Discussion l
Sorksheet 33 Name . .
Unit 21.
Bonus Probless for Experts ‘

1 n«0= _O__
210 Lo
N 2-1-0=____ 0
4 14 -0 =_Q__
SV _O__ =n-'-m-0

0.
6 __- :% . 2 -0
n 9 -3.0.43

Yake up a hard problem. Tell it to vour teacher
when she calls on you. Do you think the other
students will know the answer® Be sure you know

the answer!

Worksheet 33 is called "Bonus Problems for Experts." Dis-
cuss these problems as a class, but leg the children give you
the answers before you tell them whether or not they are cor-
rect. Encourage all the children to try to be experts! If the
children have trouble with a particular problem, remind them

of the property that applies to that problem. In the first prob-
lem, n-0= , the children have not been told what n equals.
But they do not need to know, since whenever 0 is a factor,

the product is 0. In the third problem, 2 - | - 0, suggest that
the children multiply two factors at atime: 2 - 1=2;2°-0=0,
The children should see that no matter how many factors are
included in the problem, if one of these factors is 0, the

v
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product is 0., In the §ixtt)_ problem, thé childrer may wonder
- _, how to multiply fractions. Lepd them to realize that because
) one factor is 0, the product i€ zera. They do not need to .
know the product of one-half times one-fourth,

At the bottom of the worksheet, the children are told to make
.up a problem. Cali on the children to give their problems.
Ask other children to tell the products.

In the next set of worksheets, you will be
studying bilateral symmetry. Here are some
examples of bilateral sysmetry found in nature.

This is the instruction
page from the Student
Manual for Lesson 6.

g |
<o




Lesson 6: BILATERAL SYMMETRY

3

-

In this lesson the students study bilateral symmetry in pxc— ’
tures and in some addition and multiplication charts. The

children measure angles with their clock protjactors. . They
discover that when the factors are arranged in numerical

order on a multiplication chart, the products possess bilat-

eral symmetry.

MATERIALS

— rulers

— scissors -
— clock protractors -(from Unit 26)
— Worksheets 34-39 (discusél.o-n)

PROCEDURE : _ .

In Activity A the children complete Worksheets 34 thréugh
- 39 as a group. Activity B is optional commentary concerning
bilateral symmetry. -

o1

37




Activity A _
, ' On Worksheet 34 the children cut out two pictures , a multi=
plication chart, and an addition chart. As a gr ’_p they fol- -

low the instructions on Worksheet 35. They discover
that each card has the common property of bilateral symmetry. .

On the addition chart, squares that correspond because of
i symmetry also contain the same entry. For example, the

’ square containing the entry for 2 + | corresponds to the

N square containing the entry for | + 2. Both of these squares '

’ contain the number 3. This observation relates the commu-

tative property of addition (and multiplscation) to symmetry -
< of the addition (and multiplication) table. This observation :
is not made.explicit for the students. .

'

H . %orksheet 35 Name oy -
~ " :orl:-:et 34 e 1 7 Unit 27
mnt .

. - ®
. The four cards that you cut out all have one
Cut out vth”e four C"’"'_‘:‘"_i"_"_‘“_"‘_‘_’_‘_‘_’_'e_'_'_ —— property in common. Do you know what It is? |
———————————————— A ! If you don't kiiow, read on!

o

Draw a straight line that paases through polfns
and B on each card.

Fold each card along the line you drew. What
do you notice about all four cards? .

Hold each folded card up to a light. What do ’
you see?
Take the folded butterfly. Pick one point on .
a wing. With your penctl, poke a small hole .
through both parts of the folded butterfly.
Unfold the butterfly. What do you notice?,

® ® ©@ ®

Choose a point on the folded face and on the
folded charts. Poke.holes thraugh both folds.
Unfold the cards. What do you notice?

These four cards all have a line of symmetry. .

. . 3
What property do the four cards have in common?
Hint: It is a type of symmetry.

bilaterat Symmetry ‘

odle

»
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Worksheet 36 provides instructions for Worksheet 37, which
is a multiplication chart with the products ax‘range;l along a
line of bilateral 'symmetry.

’
2

The children find the product entries for 3 * 7 and 7 * 3- and

-draw a line that passes through these product entries (and

through points A _and B). The students measure the four an-
glcs formed by line AB which intersects the'line of bilateral

symmetry (line MN)., Each angle has a mag of 3 o'clP(:k (900) .

The children are asked to draw other lines that intersect line
MN.. Each of the angles formed by these lines also has a
mag of 3 o c.lock , .

*

(Activity B includes some op-
tional commentary about bi-
lateral symmetry. For more
information about symmetry,
see Minnemast Unit 14, Ex-

3 ploring Symmetrical Patterns.)

-

g This is the clock protractor
6 that the children use on the.
worksheets in this lesson.

53
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. ¢
» . N
» ! -
kshee Namw
::::21 ¢ % = Worksheet 37 Name b
L ¢ it 1
‘T,. Tear out/8orksheet J7. . .
2' 3.7 and 73 Ql .- ¢
- hY
3 Find the sqlares oa the chart that show the Muttiplication Chart
b .
product of 3 -7 and 7 - 3.° !
— Factors
& 4/ Point A Is ln the hox with thg product en(ryi_'__, .-~ ) ﬂ)
Point B ts in the box with the product ontryL_ 3 e s
- . o ! . -
S Draw .’?hmm line that passes through points T . -
' A and B. Vee a ruler. 3 | 9! lzzf }
= ks . -~ - * ‘ y
6 “M\ 14 the line of symmetry. N Intersects AB i ‘
- 4 12 ' 22
Four angles lre- ronle\. s I |
s - g
s 7 Measure emr: angle with vour clock protractor. , E] s 20 |- 3%
The mag of each angle equals o'clock. R ¥ .
‘S tircle the products for these pairs of factors. ' 20 e
N . . ‘ »
d 6+3 and 3 -6 .
- 4-5and 5.4 ‘ a|»|«
1 t
v 3.5 and 5-3 M . = N
Draw lines to connect, each palr of products. y N
Your lines should intersect MN. Measure the & 1o the l1ne of symmetry. .
angles with your clock protractor. What is the . . "
"\ - * ‘ \ . ~ N
mag of each nn:le-._3__o'clock. . : .
o . . .
% " .
2 : -
. Worksheet 19 Name
Worksheet 38 Name ’ Jntem <
mnl 4 . N
t. Does the chart on Worksheet 38 have a line of
Cut out this chart on the dotted I'lnes. . bilateral symmetry? > (/
Turn to the next worksheet. \ L
RO e i .
-, . . L ¢ 2. Test your answer. Cut out the chart.
S,y T _-— e s Fold along line AB and test for bilateral
- PN " . symmetry.
I FA("!OK%’ , y
” }P S ’ . by kN
] 3 1 5 ! B - .
., ’ ‘4 i 3. Clrcle the two product entries for
. b N . . R T » '4+%3 and 3 - 4
‘ ' 2 0" 6 F ] ’o [ Oraw a line segment connecting these producté.
by ) Use vour clock protractor to measure the angies.
H
i
i
] < 4. The muitiplication chart on Werksheet 37 was
’ i bilaterally symmetric.
: The chatt on Worksheet 38 1s not bilateraily
) symmetric. . oo,
' What males them differeht?
: The facfors must be armnqcl
‘ ! “ in The Same humers cal order
alopg 19p ard Side
1~ 4
. .
. (3
: . g
X
bl ' ’
- r
Q . ] .
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Worksheets 38 and 39 involve work with a multiplication
. - chart with factors that are.not in numerical order. Also, ‘the
. factors alorng the top are not the same as those along the side
' of the chart. Therefore, th products of the chart do not pos-
sess-bilateral symmetry. The children cut out the chart on

Ve . Wo/ksheet 38 and then fcllow the instructions on Worksheet ¢
39. '

‘. ] Activity B (Optional Commentary) '

This commentary is prowided for your use in understanding
bilateral symmetry'(symmetry about a: line or plane). .

_Considex; the letter A irf Figure |. Any line drawn perpendicu-
‘lar to the dotted line ih the figure cuts the pattern into pairs of

-

-

o

‘ '. , . Figure |

»

»

points that are equidistant from the dottéd line. For. example,
N/ the points a and b in Figure 2 (on the next page) are. at equal
: distances from the dotted line.

r.l
Qu 11




I
I
I
Fi:qu\re 2

-

The letter A is said to exhibit symmetry about a,line or bilat-
eral symmetry. The dotted line is called the line of symmetry
or the axis of symmetry.

Any pattern through which a line can be drawn such that every
line perpendxcular to this line cuts the pattern into pairs of
points equidistant from the line is said to ‘exhibit symmetry
about a line or bilateral symmetry.

A simpler but less exact statement of this idea is that for

every point on one side of the line of symmetry there is a
corresponding point on the other side. The paired points must

be at equal distances from the line of symmetry. Figure 3 (on

the last page of this lesson) shows some bilaterally symmetric
patterns that occur in nature. There are tests one can use to
determine whether or not a pattern possesses bilateral sym- -
métry. ‘Two of these tests are described below.

.1f a mirror is placed in a vertical position along the dotted
line in Figure |, the pattern viewed (half of A and its image

in the mirror) comcides precisely with the original letter A,
The mirror test consists of holding a mirror on the axis of
symmetry to show that the paitemn can bg divided into two
parts identical in size, one part being the mirror image of
the other. In any bilaterally symmetric pattern, one half
of the pattern is the mirror image of the other half. This is

| oY
Ju




the reason that bilateral symmetry is also referred to as
mirror symmetry. It is interesting to test some non-sym-
metric patterns with € mirror.

Bilaterally symmetric patterns may also be folded along the

axis of symmetry to test for the coincidence of the two

halves of the pattern. This gives another test, the folding
- test, for bilateral symmetry. ’

There are some differences in examining the symmetry of
patterns on plane surfaces and of three-dimensional ob-
jects. Corresponding to the line of symmetry of Qlane pat-
terns, bilaterally symmetric three-dimensional objects have
a plane of symmetry. Every line perpendiculer to this plane
cuts the figure into pairs of corresponding points that are at
equal distéances from the plane. Obviously, a solid object
cannot be folded to test for bilateral symmetry. However, a -
mirror can be placed along the plane of symmetry to show the

: existence of bilateral symmetry. The human face is an inter-
esting object that has approximate symmetry with respect to
a plane. Other objects that might be tested are a cone, a
beetle, and toy figures of people or animals.

A picture of a three-dimensional object is, of course, a
two-dimensional pattern., Thus the symmetry of a picture
of a three-dimensional object may be tested by either the
mirror or folding test,

-
o
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Iesson 7: MULTIPLYING BY § AND 9

The worksheets in the lesson provide practice with the multi-
plication facts. The children learn some properties of multi-
plication by 5 and 9.

MATERIALS

— Worksheets 40-47 (independent)
— Worksheets 48-50 (fast workers)

PROCEDURE

The children complete Worksheets 40 through 47 independently.
Fast workers can do Worksheets 48, 49 and 50,

Here to another set of werksheets.

Everyens does Werkshoote 40-47.

Fast werkers can do Workeheete 45-90.

(W)
L)

45




Worksheets 40 and 4! provide a review of most of the basic
multiplication facts. If the children have trouble with any

of the problems, suggest that they use arrays, repeated addi-
tion,.a multiplication machine from Unit 25, or the multipli-
ca ion charts on earlier worksheets in this unit.

on Worksheet 42 the children fill in a row and column on a
multiplication chart with 9 as a factor. When 9 is a factor,
the sum of the digits in the product must total 9. There is
one exception to this rule. When one factor is 9 and the
other factor is 0, the product is 0 and the digit does not total
9.

On Worksheets 43 and 44 the children discover that when
one factor is 5 and the other factor is anothzr whole number,
the product always ends in either 0 or 5. Worksheet 44
also includes some review of the rule that when one factor
is 9, the sum of the digits in the procdact equals 9 (unless
the other factor is 0).

Worksheets 45 and 46 involve word problems and number
lines that serve as models for multiplication.

Worksheets 48, 49 and 50 are for fast
workers.,

. Worksheets 48 and 49 involve word
problems that reinforce the similarity
between multiplication and repeated
addition.

On Worksheet 50 the children fill in

products on a chart for problems with
0 as a factor. They work multiplication
problerss involving 0 as a factor. -~

Ly
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worksheet 42 Name Worksheet 42 (cent inwed)
Lnit o
. @~ When ore facter In a sultiplication preblea is 9, ,
1) Finish multiplying the factors in row 9 and what do yeu netice sbeut the digits 1c the pre-
column 9 {n this wultiplicetion-chart. duit?
2' Now i1l In thews Blanks. Add the digits. Example: 3 - 9 =45 TRY T
! 9.3:=m 2+7=9_
oj1}2]ajelsfe]r]e]e} When one facter In a multipiication probiem 1§ 9,

the sum of the digits In the preduct equals 9.

@ Can you find a suitiplication prebien thet hae 9
as o facter, but the ewmm of tiw digits in the
product 40es net equal 97 Write the predlea here:

©C:-9=0
Did you try ‘his? O - 9 !___O
What 1s the sum of the digits In the

product? ___ O There 1¢'ne sum becauss
.there fs enly ene digit.

pslefapste
|alojojelotoe « « o

B8 N w1

When ena factor 1s 9 end the slher facter
fs o nmber other than O, the preduct 1s 9
or the of the digits of the preduct
oquais . «

2:_3
s= &

- Does 9 - 8 = 727 MO 9
) Fill in these hlanka Add the dixits. ' G 1 g' N
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Serkshoet 43 Y T — Worksheet 44 Name
init 27 3 (nit 7
¥
Finish the chart Are these septepces true or false?
7 - 95" True @ {HInt: does the
preduct end In O
5-9 46 Tree (Faisp  or 51
$-0-2 True { Fal
6-5:29 True Ealse) ’
v:-5:45  QIryp False
$.7:023 G Fatee
Cauttion:
0-5-5 True 1 0o.5- 0
9 -9 =81 Ir False tHint: do the digits
fn the product add up
t-9=1 True alge to 9
3:40 4.35:3 ¢.5:00 392 Tree (Filsd
.;=_wi 5.4:%—5.‘=§.
g - ! s - B 7%= ¢ .
xJ:Z s.i;-a R X autfon:
) 0-9-0 @ False  (Hint: remember the
- excaption to the rule.)
When one factor 1s S and the other factor is a_whole
mmber, the product always ends In__Lor_i_.
t \ame
m::.: @ ) Worksheet 46 Nawe
Unit 27 .
o T Tagn 0 1 2 3 4 s 6
——t—t—t+—+—r> 10k e 0 s 10 15 2 ;I N
Aaror Verie . O 2 4 6 8 T Te2 & ‘L } 4 y ; } %V >
Number Lt Nickels O 1 2 3 4 ] 6
| Every met of twins Ms.ig“__.-umrs. 5 .
In S sats of twins, “ Every nickel is worth _= cents.
p nere‘ sre S - 2 0r wembers . Three nickels are worth
-5 or_L.s cents.
Y ra Werte s 0 3 6 9 12 13
<1 i d 4 i J ..
< 14 T T T T 7 Number of Weeks (1] t 2 3 4 s 6
Mg e 0 1 3. ) 4 5 “—“+—+—+ -+ + 1+ |
. : Number o1 L ay< [} 7 1« 2 » » 2
. ’ Every set of l;!pleu hn_}___n-herm
. In 4 sets of triplets, Every week contains 7 days.
) thece are 4 - ) or.l mewbers . in 4 weeks,
there are 4 - '1 or as days.
Thmem ¥ e O 1 2 3 4 S 6
A - 4 b i i e L v
& T T i b . 7 In 2 weeks,
[ 0 2
v o ‘ 8 12 16 there lre_e:_.' T or IY days.
Every quartet has . members In 6 weeks, '7
In 3 quarcets, /a2 there are e . or "'l days.
there are 3 4 nr T wesbers
-
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Worasheet €7 \ame
frye 27

Fiil trr the emply squares

FACTORS 5,

6 1 2 3 4 17'8' 9"

Fast Werkers

Worksheet 48 Name

tnit 27

1. A nickel ls worth S5 cents,
Six nickels are worth 3+ 5+ 5 « 5+ 5+ 5

or_.i_Q__contl. 30

When [ add six S's, | get 6 - S or cents.

“ 5 .5 .5 .

2. Three nickels are worth

cents.
é When | add three S°s, | get 3 - 5— or
% 19 cents.
e F)
3. Seven nickels are -ormi_. 6_ j
..|£_ _L _L or_.-?_"_contl.
When | add -even_L'l, 1 get 7 Jr_or
cents.
Fast Workers l Fast Workers l
Worksheet 49 . Lame : Worksheet 30 Name
tnit 27 Unit 27 .

- -
1. When ' add nine S's, 1 ret 9 - .J_.or.f.’é_..

Nne nickels -re worth S 5+ 8§ °L° AN

Lor LJS cents. ’

2. When I add three 6's, I wet 6 « 6 + 6 or 3 - 6.

When | add four T°s, I get _°_ 1 ¢ et __'_7_.
T orea -7
«When | add five 9°s, | let__...q °.____q -...?._.0
°J_nr5 .ﬂ_.. x LI
When | add X 4's, | et L
I?nnlldd‘i)s,llﬁ_.....” z
r
I !‘
3 le-rnsztﬁ;pzrd-v
ln7«1avg.le-m2~ .J. .2 o‘2 .
ol or Yl - 20r $14 00

3
Finish the chart and answer the questions.

oli1]l2]alelsielrin]oe
olojolojolO|O}|O|O0[0O}0
1 (4] O * any number ‘-'.Q.
2tolf any nusber - 0 =9
> 1o 0- 1= 1.0:9_
0- 2= 2.-0:9_
ll 0. 3: 300 '
s |0 ) 0-4:-4.9:-0
6 o é- 0= o-é:_oo_
7 o l'o'-' o-x:_ﬁ
- o-23:=2d-0-_Y
s (O | .
WATCH OUT!
6ra,200 - 0: 9 0 l»fO__
o-'m o 0.0 ..9_.
2
£-o=9_ 0-.0-9_
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nl\IULTIPLZ’JATION WITH ARRAYS

PURPOSE

In this section the students:

»

— Get further practice with addition, subtraction and
multiplication problems.

~ Learn to represent rectangular arravs as rectangles
without the internal divisions.

Partition a large rectangular array into smaller arrays
and find the total number of elements in the original
array by adding the number of elements in each smaller
array.,

COMMENTARY

In the lessons in this section the students will again be
‘wo'rking alone or with partners on independent worksheets
with a minimum of help from you. The worksheets have
heen divided to approximate one day's work per lesson. ‘f
You may have{o adjust this schedule according to the
children's abilities.

lcsson 8 provides practice with multiplication facts using
a circular multiplication slide rule. The commutative
property of multiplication is reviewed with arrays and with
multiplication problems.
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In Lesson Fl the\ students agail
partition rec'tangqlar arrays.
This time théy partition a large
array into more than two smaller
a&}gs. They find the total
nunmber of elements in the orig-
inal array By adding the num-
ber of elements in each smaller .
array.

In Lesson 12 the students multiply with more than twe factors.
’ Multiplication is a binary operation, and the students learn,
. to rnultiply two factorsfat a time when given a problem in-
Vi ,I{M'.ore two factors. The worrsheets also provide * '«
cipenience With n xltiplyihg multiples of 10 and \199
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Lesson 8: MULTIPLICATION PRACTICE d
r Independent waorksheets review the commutative property of
« - multiplication in the context of arrays. The children con- | _
‘ struct a circular multiplication slide rule and work some prob- - -
lems with it,
MATERIALS e .
- scissors for each child .

"~ small brass fastener for each child
— Worksheet 51 (class) “
Worksheets, '52-54 (independent)

r

Worksheet 55 (fast workers) .
v L . . fs

PROCEDURE . e i N .
Activity A

Have the ‘children tear out
Worksheet 51 and cut out

. \ the circular slide rule from
) it, A full-size copy of this
. worksheet is on the next ’
On the next sct of workeheets, all atugents page After cutting out the :
will do worksheet S1 as a vlass, You will .y " .
need a pair of scissors and a brass fastener. two CIrCIeS ’ eaCh Chlld
4 assembles the slide rule by -

placing the smaller circle -
on top of the larger one and

. poking a small brass fastener ' P
through the centers. Tell\ foe ¢
N the children to be sure the L e <

center.of one circle lineg

up with thé other before

inserting the brass fastgner; \f
Also tell them not to poke .
“too large a hole with the

brass fastener. If the hole

is too large the number
Y [ -« oY , scales on the two circles

. ‘ S won't line up properly. a




| Worksheet 5i

Unit 27

. Circular Multiplication Slide Rule




1
'
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Here is how to use the slide rule to multiply. To multiply

8 - 3, find 8 on the ou*~ide number; of the large circle. Turn
the small circle yntil the arrow on it (by !0 and 1) points to
the 8 on the large circle. Now find the 9 on the small circle.
Follow it to the numbers on the large circle. The 9 points to
the product, 72, on the large circle.

A.

B.

,;
7

Find 8 on the large circle.

‘ j
Turn the small circle until the arrow ( & ) polnts at the 8,
Find 9 on the small circle, . ]

!

/ .
Find the product,'72, on the large circle. *

-~




Have tha children work a few multiplication problems while
you check to see if they are using the slide rule properly.
On most problems, ‘he product will be the small number on’
the large circle. But with some problems, such as 2 - 3, the
product is 6 and not 60. Single-digit products are read from
the large numbers on the large circle. Give the children a
problem where the product is a single-digit. Tell them that
when their slide rule points to two numbers on the large
circle (such as 2 and 20, 3 and 30, 4 and 40, etc.), they
must think about that problem to decide which number is the
product. T

Using this slide rule the children can multiply the basic mul-""
ticlication facts and several combinations of | through 9 {on

the large circle) times | through 20 (on the small circle). If

the children try to muitiply 9 - 20, the slide rule will point to .
18 on the large circle, The product is 180, . '

Activity B .

Have the children complete Worksheets 57 through 54 inde-
pendeontly or with partners, Worksheet 55 is for fast workers.

. On Worksheet 52 the students use their slide rule to find the
products of multiplication problems. (Have the children-save the
_licke rules to use whenever they need help with multiplication.)

1 4 * Y
"
(.
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Wo}ksheet 33 reviews the commutative property of multipil-
cation in the context of arrays. . The children do not use
their slide rules for this. worksheet.

Worksheet 54 also reviews commutativity in multiplication
problems. The students work problems suchas 4 -7=7 - 4
‘and AA - BC = BC * AA, The children do not use their slide
rules for this worksheet,

-

Worksheet 55 is for fast workers. It involves multiplication
problems using the slide rule, One factor in each problem

is a 2-digit number, There are two bonus problems: 6 - 20
and 9 - 20, Using the slide rule, the children will locate

12 and 18 as the products. The products, of course, are

120 and 180, Perhaps some children will realize that 6 - 20
could not equal 12 and & - 20 could not equal 18, If they
ask you about this, tell them they are correct -- the products
are not 12 and 18, Lead them to figure out the correct pro-
ducts, ’ ) S
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Lesson 9: PAR‘fITIONING ARRAYS INTO TWO SMALLER ARRAYS

. ° - : .
The children use the terms: addend, sum, factor and product.

They represent rectangulgt arrays in a form without internal
divisions: .~ 4

-

P |

The students partition rectangular arrays into two smaller
;éctangplay arrays: ° 2 2

- PR

-

MATERIALS . =

.

— Worksheets 56 and 5;7 (class discussion) -
' = Worksheets 58-61 (independent) ' T

PROCEDURE . ' .

The children complete Worksheets 56 and 57 during the class
discussion in Activity A. In Activity B, the students do
* Worksheets 58 through 61 independently or with partners.

Activity A

- Write a pair of factors such as 3,5 on the. *

. : chalkboard and ask a student to draw a rec-
. tangular array to represent that pair of fac-

tors. He should draw one of the following:

- o . . [} [} [} L]

Label the array and have another student write
the correct multiplication sentence near it.

5 3
‘3'....‘or.‘. e e o

e e o o = S... 5.3=15I

3:5=1§




" Suggest to the children that they could save time in drawing
arrays by using empty rectangles that have been properly
labeled to represent the arrays. Put some examples like the

£ourming on the board,

.« "

could be
re;ires‘ented \

could be .
represented 2

3

Refer back to the original array and ask how

it would be redrawn as one large rectangle,
labeled to represent a regtangular array. Have
a child redraw it, .label the parts, and write.
.a multiplication sentence to describe it.

—p—
>

In the mext lessen you wiil 4
Mtnﬁﬂ.gny;.

.

All students w1l do Wertshusts %%
e
and 37 Cemtiwe. - .

[

Tun you il 4o Vorkolwetes $5:61

‘ Give the children a alows or Wk & purtmer.

few mintues to com-
plete Worksheets-56
and §7. - Discuss, the
worksheets as a qroup
when everyone has -
completed them.,
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Worksheetr 57 Newe _ ° Vorhehoet 57  (centinued)
e 1 &
. - Redraw and ladel this arrey. ’ Draw rectanglies fer srreys to reprevent the
Srite the miltiplication sentence instde the rectangle. : wmitiplication probiess. Label each array and ] j
- write the muitipiicetion sentence.
. R - * . “ & £ -
NN {ii-4= -— . -
3-2-=17 ] 2:9:=17
A x
. Medraw snd lsbel this array. 2 9
Write the mltipiication sentence  _ J 2 Z
. . N ) . 3 3| =6 R . .
3 . ) " -
1. B ety 2 2°3:6 " -
. A}
- . L.
. fedraw and labe! thie array ’ . e-121 1 8-8=2 ] !
. Srite the syltiplication sentence 0' ’ ‘ b
. L] R o .
& i 07:“ K
e e e e 4 q ‘ s. é 4 ”
"
L 3] 3:6=18 .
* ’
B — .
. . &
. - ' ' .
:
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Activity B

Have the childrer complete Worksheet 58 as a review of

addends, sums, factors and preducts, before they begin

this actwity.

j-

smaller rectangular arrays.’

L]

Draw and label this array on the chalkboard. Then ask, .
the children if they can partltion the argay into two . .

- *

5 o b o

B -
’ PN » .
© . . . . o

-

L]
.

o By pamtzon we mean to "break it down into smaller &ays.

" You do not- need to give the children any special definition

- of "partition." They should be able fo pick up the meaning
bv the way you use it in sentences . o~

Let the children suggest ways to partition the array, and ’

" then have a student draw his solution on the chalkboard. He

N should label the parts of the array and write the correct mul-
tiplication sentences. i}

8 This is one example of how the array could be partitioned.

Have the students®turn to Worksheet 59 and give them five

‘minutes to.draw partitions ofthe 3 x 5 array into two smaller

rectangular arrays. They should draw all the possible par-

' ) titions they can think of. You may want, to have th2m work
with. partners. : : ,

/\ When the c‘nildren are finished, let individual children come
to the chalkboard and write their solut}ons If some children

. ) oy 2
1O :

"




.

did not find all the passible solutions; have them copy
these-from the.chalkboard onto their worksheets.

-

Ask tne students to determine the total number of elements

in cach partitioned solution of the original 3 x 5 array. One
way to find the total number of elements is to add the .products
of the multiplicatiorn sentences represented by the two smaller

UTAVS, 3

@

[ stuents should notice that even when the original
wryy was partitioned into soveral different variations of
two smaller arrays, the total number of elements in the

wray, 15, remains the same,

“fave the students work with partners to complete Worksheets
» and ~1, They should partition these arrays using the pro-
codnee developed in this activity., On Worksheet 61 the chil-

B » - 3 >
1so find the tota] number of elements in each solution.

* P
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Lesson 10: WORD PROBLEM GAMES

“Word problem cards a;e used in this lesson to provide practice
, with multiplication, additiun and subtraction. The numbers in

the problems have been omitted so tHe problems can be varied

'to suit the needs of different children. The game should be

introduced in thxs lesson, and’ then played whenever the chil-/
.\ dren have free time. -~ :

‘MATERIALS

- Works héets 62-68

-~ dice numbered 0-5 and
 -4-9°0r spinner and discs

.= scissars -4paper and pencils
_ PROCEDURE
The arithmetic word problera
cards are’ on Worksheets 62
~ through 67. Each deck con-
s1sts of 36 word problems in-
. volving multiBlication,” addition,
. and subtraction. Have the "hzldren tear 'out the worksheets
and cut up the ‘cards. Worksheet 68 is a page of blank cards
for’LX:h child to make up his own problems later, after the

childfen: have played the game a few times.’ 'Each child may
m_sh ut his initials on his-¢ards and store them in an
relope when not in use. L

The chxldren can generaternumbers for the word problems ﬁs

several dxfferent ways. Here are some suggestions.

Aa"-h chzld preparas’ about twenty slips of paper by marking
cach Bne with aqumeral from | to 10, ({Later, larger nam-
bers can be used.) These are placed in a box. Then the
numbers for a particular problem are selected by drawing
two of tae ¢ lips. T 4 '

- N
P' N »

Make \up l1sts of numeral pairs. This way you can control
tbo comb1hat10ns and provide numerals apriopriate to the

«?t.




B p et
R I TR

skills “of different'pai'rs of children. The numbers for a .

problem are taken in sequence frem one of these lists.
3. Use the game spinners and mark them with appropriate

- numbers, Each child in a pair spins onceg to obta;n the’

two numerals for a problem. . . N

4., Throw a pair of dice to obtain the numerals. ! N

0 ! '’
5. Let the children choose their own numbers.

. et .

To introduce the game, have the children work with partners .
Each pair uses one deck'®f cards.’ One student shuffles the * .
cards and puts the deck face down in front of them. The other
student turns over the top card. Then both students read the
prcblem and decide if it is a multiplication . addition, or sub- .
traction problem. Then one student generates two numbers '
in one of the ways suggested above. {If a card.involves a .
subtraction problem, they must usg the numbers“in a certain
order. On mwltiplication and addition .problems, they should
use the numbers in the order generdted.) Using the numbers
they generated, each student in the pair writes the apprepriate
anthmetxc sentence. They compare their answers. Therr the
sturdents turn over_the next card and follow the same procedure.
H{ave each pair go through the whole deck in this manner, On

the next page are three examples of what the children should
g with the ~ards., ' .

. -




*card;

L -
[ feed the cat next door when his famuy
R 1s eway. The cat edts Cane f
L . food a day. If the family is gone
. days, 1 will have to give him cans
of food,
.
N
: Ibougge__ pounds of sugar and
. ——pounds of flour at the store,
- . I could hardly carmry it home because
altogethor it weighed__~ ooy.nds.
) S r
\ ‘ h f ‘- : .
V<" :' d
. “ L4
- - -l. i ’ . ﬁ
3 - . D e
. i . N
7 L 3 ',‘& ,('
. = LY
.t e

Yy fathe, gave vy nother o
reses, The oot e _of ther,
S.nowW LAr h Y ieft, ly
~othar wants 1o et rid of that ¢at,

3 -'{‘("
R 4

numbers generated and
sentence for each problem:

-
-

Jand 7

bl

"4 and 8

R'-4

i

1
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When the children understand the word problems and how to
write an arithmetc sentence from a "problem, have them play
some of the following.vanations of the gam. The children
can also make up some of their own ﬂ(oblems on Worksheet 68,
They should make two problems ‘each i\nvolvmg multiplication,

additior and subtraction.

\\
YVariations “ ; - \

. 1. The children can play with partners, taking turns drawing
’ a card, generating the numbers, wntlhg the arithmetic
sentence, and solving the broblem. The child who gets
the most ~orrect, wins the game. '
\

/ 2. Severil children can play. One child at a time draws a
card, generates numbers, hrites the sentence and solves
that problem. The child who gets the most correct, wins

. tha game, ) i

b
.

P:irtners or several children can play with the rule that
they cunnot write down the sentence, but must do the
computing 1n their heads.

b
-
¢

soraral children can play only with those cards each child
wi= up himself.

1

The children can play iny of the above vanations using
l arger numbors,

«. The children shoud thm-\ vt oo of their ovm vananons,
mnd ~xplun these to ‘othe: members of the class.

1

6
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. Lesson tl:  PARTITICNING ARRAYS I\!TO SEVERAL SMALLER ARRAYS

During a class discussion the students partition a rectanqylar o
amay into s many smaller rectangdlar arrays as possible and-
’ .- then wnte a multiplication sentence for each smaller-array.
They find ‘the total number of elements in-the original array by
adding the number of elements in each smalfer array.

X MATERIALS - o : "
. ‘ = \‘,’orks{weet 69 (class disc'ussic;n) ) :
_ PRCCECURE ' _ _—
bt ‘ Draw this rectangligr array on the chalkboard., making it large .
i . . enough for all the students to see.
: . ‘ . .
s . ] -

1
i}

LY ’,
. - A 4

Then say:
- PARTITION THIS éCTANGULAR ARRAY INTO MORE THAN ONE
SMALLER RECTANGVTAR ARRAY. LABEL EACH SMALLER ARRAY:
‘ : . WITH A MULTIPLJCATION SENTENCE. -~

~ . . R -e
Lot tne students proposé as many solutions as-they can think
of. They will probably suggest solutions that involve parti--

' troning it into two smaller arrays. If n@ »ne remembers that
vou said "more than one smaller rectangular array, " repeat
the question. Lead the children to realize that "more than
cne™ does not limit them to only two. * Ask several volunteers
tn come to the board, ani draw their solutions. Each child
should redraw the driginé{lgrray and partition it with his ¢
snlution. He should also wnite a multiplication sentence in
~1¢h smaller warray. Some solutions are.shown on the next

p i?"’ .




: 3 | 3 I 2 i 1,
* ) Pe Hiedl
Hrt-2=21_ 1.,
2 2+«3=6 21 --
3 3-3=9 3.1 =2
. =3 212-2=4|2-1f2-1
P e =21=2
I be3=3 }o
. - 1 -
1 | 3 - 2 2
e 3 =4 ., .rlzil |- 3% 3 If1-2=211-2=2]
. : ’7
s Calrez=2]1-2=2
2 Lo 3 =R 212 « 1 2-3=6
~ 2 1} 1+«2= ]+ 2=2
- ‘ 'Y ‘
‘.‘ *
g
After each solution has been drawn and labeled, ask other \
volunteers to find the total number of elements in each original
array by adding the number of elements in each smaller array.
A - J\‘

3 . 2 ! |

. ] , 2

6 1222 '—1”—1‘ |

2l 23 =0 cf2e 2 ) o

=2. 3 4
L 2l 2-2=4a2 1|21 z

.: joe ! 12 =" =2 2
. 323 - B oy
i “;Jﬁ l 12 .
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.

When the students have discussed all the solutions they have
‘found to the array prohlem on the board, have them pair off
and turn to Worksheet 69. ‘

Lach pair draws a rectangular array. Then they draw as many
partitions as they can for that array. They ‘label each part and
write a multiplication sentence in each smaller array. They .
add the elements of each smaller array to find the total number
of elements in the original array. )

-Give the children 10 or 5 minutes to do this and then discuss
their work. Some studehts may want to draw the original array
and a couple of solutions to it on the chalkboard. The students
should realize that the total number of elements in each solution
is thelsama because the original array for each solution is the

<

s .ame, T
’ .
¥ -
. ‘
' N
- -
A h o
. . -




.
. | Class Discyssion } ’
Sorksheet 69 Namw _ . NN
Lt 27 .
. [ .
> .
< in lhlh‘h‘u-ol\ there ts only e worksheet *
. All studenis wlil de this worksheet tegether.
- ~ .
m thoome a partner. *You and your partner draw . .
v N - *
. a rectanguiar array. You cach draw the same array. !
} . : £
- Draw yowrs at the bottos of this page. Your - © * :
patriner draws his at the bottem of his worksheet.
A
- -
After you dras the array, turn tc the next page.
N .
B \ .
- ? ~
L4 - A - N
A4 -
» " -
"
= a N - »
.
L]
\ -
- "
r »
.
. 6 - ‘-
N S .
i -
. .
P
. g =
hd -
Worksheet 69 oanticued: Workaheet 69  icont Inued) .
.
\2/ New draw as may partitions as von odan for the
AP Dew then o this pade amd on (he gext paate .
- * [N
3 larel each gurt of the part.tion
* T4 Write oy wult pilooadton svalende tn o ea h smalier
-
irray -
h - F) ¢ ¢ ~ .
LI P INT Tatad oupber of eivments Lo eah . N N .
. oFidinal AfrFaw ~ N . -
. .
. .
-
. . ~ - b * . ~
* . . -
PR [
. - M -, ® - -
~ .
. - - - »
. ' ‘ ‘ |
L 3
- - I - ' ’
- 4 ° ~
* [ 4
1 .
. ¢t . P v .
7. - - .
. . ,
o ‘
ERIC I Y '
B »
*
e . -




P 71

. * rass=on 12: MULTIPLYING WITH MORL-THAN TWO FACTORS

4

Stfentb r"ulnply more than two factors to 1llustrate the

associative property of multlphcatlon. The independetit

“worksheets provide practice with the multiplication facts
and also with multiplying multiples of 10, 100, etc. by

] .A smgle—dlqlt numbers. | .
R MATERIALS -
- Worksheets 70 - 75 (mdepéndent) | .
Y PROCEDURE
. " Have the students complete Works‘heets 70 through 75

independently or with partners.

N . *AMultiplication is a binary oper‘atlon. This means that only
- ‘two members of a multiplication sentence can be multiplied -
at any one time. In this problem, 3 2 - 4, you multiply

-2 {equals 6), and then multiply 6 * 4 to get the product
of the thrc’e factors, 24. What happens if you first multiply
2+ 12 You get 8, and then multiply 3 * 8 to get the product
of the three factors, 24. In both cases, the order of the

o . factors remained. In one case, the factor 2 was used in a

. . ~ nhmnary opcration with 2. In the other case the 2 was ysed
. . with the 4. This difference is 1lmstrated with the folléwing
’ sentences. g o &7 fe

L . ;f_’

(3-2) -4 =24 L2y =2

- L]

.

-~ ¢ -

. .,

his prOpprty of mulnphcanon 1S known as the associative

propertyt: *b):c=a- (bt ¢). The associative property
K L states th 1t xf yQu reqroup or reassociate the numbers in a
) multiplication sentence, you still get the same product.

-l .

On Worksheet 70 the stu‘dents are introdiuced to the use of
varentheses in a "‘u!txplxcanon sentence, They are told w
N , multipiy the part of the sentence in parentheses first

¢

79




. 4 N\ . :
] L4 - *
- hd -
-
4
- -~
. : . Worksheet 7O \aue
Imt 27 N
“am
-
. M . . - . Y'Y
. Tothe cond desson vy il dirashen 0 70275 @ Look at this sentence- 2 < (3,- 20 = 12 -
alorw ar e th tariner
When you see t ¢t in a sentence, you shouid
, do that part of the sentence first. - -
- «~
.
2 at this ventence: § + (4 - 2) =24
L 4

Wich nusbers do you st iply (Innim‘_z_

- - +
(3 ©1d you write 4 and 27 Those are -the nusbers
you suitiply first in this seatence: .
N : 3 cta-21 20 .

@ Which numbers do you suitiply first in these
sentences? Write the nusbers in the bianks

2.13-%5 =30 1 first ﬂ.lilply__z__tlno 5

(1 - 3t - 4=12 1 firet ulilply‘_‘_n-oi. -

@ Orite the product of | - ) of elgch sentence:
€21 -3=23 _‘..g.u!hepm;ofl"ll
5-12-31=30 8 te the product of 12-3)

In nuaber 4 above, the am-er'o are: J times S
and 1 times 3. ' *

In mmber S, the anewers sre: 12 {s the product
of (6 - 2)ad 6 Io‘mepmdoc! of {2 -

=

<
= . i ¥ 1 L - N
‘ . T Cos . ¢ o
. = On Worksheet 71 the students study the associative property .
) of multiplication by replacing { - ) in a multiplication .
" sentonce with a single number. )
e ' On Wo‘rksheet"n the students multiply (a - b) - cand g (b™ ¢).

& . Y]
The values of a, b and c are given. Students who have diffi-
+ culty may want to assign numerals to the a * b - ¢ parts of each
.- sentence., . o " ’

A3

On.Worksheet 73 the students take a factor, such as 20, and
rename it as a pair of factors, 2+ 10, Then a pair, of factors, °
S0 .7 sechas 3200 begomes 3, @ IO).',!f‘he students.atso'work ¢
problems such as 3> 2 = 6 and 3«20 = 60 without renaming

the 20 as -2, 10). ) :
Worksheet 74 Z}ivcs more practice with the associative prop-

erty by reglécinq the { * + ) part of a sentence with a single
numbet.’ '

,
*

Workshoot 75 reviews the properties of multiplying by 0 and
I and the commutative property of multiplication: a*b=b-a, -~

A

&

. 9 -y .
. " - ~ - . N ’
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. -DEN’EI;OP{NG THE MULTIPLICATION VERTICAL ALGORITHM |

= y

I

PURPOSE

- e - hd

X In this section the students: . , .-
— Continue working with the'multiplication algorithm using
- arrays. They match parts of multiplication séntences to .
corresponding parts of c;rravs. They multiply two-digit -
factors using arrays.

- Learn to rename a t@idigit factor as the sum of two -smal-
ler factors,

- ~ Multiply one- and two-digit factors in vertical form using
- .~ the.mdltiplication alqorithn}.

o+
-

COMMENTARY ' ’ N

b

é! a . .
~ ~This section of the unit develops the vertical form o. the mul-
tiplication-algorithm. The studénts complete marny of the

. -worksheets mdependont‘!?‘or ¥ith partners ; other work is done
. ~1n class discussions. .. -~

Lesson I3 introduces an algorithm using arrays. Rectangular
. arrays illustrate how a two-digit factor can be’renamed as the
Ta . sum of two smaller factors, For example, 3+ 12 can be illus-
. trated with an array and rewritten as 3+ (7+ Syor 3+ (10+ 2).

- — Fs

In Lesson 14 the students multi-

ply two-digit factors using arrays.

They work problems where botE___—___,,.,m—.-
factars "are two-digit numbers.

Again tho" rename the two-dlglt

factor as the sum of two smaller
ore-digit numbers. The students

fill in missing parts of multipli-

cation £ ¢ntences that correspond

to parts »f the amay.

~

Rd} Y -

L]




Lesson {5 introduces the vertical
algorithm. Arrays are used to
illustrate each step of the algo-
~rithm, ‘rhe students add in ver- -
tical form the subproducts of par—
. tittongd arrays to find tne total
product. They draw arrows to
match parts of the partitioned
Mty with parts of the problem
wr;j,&ein in vertical form., As a
classdiscussiom’you introduce. -.
the procedure of multipiying .
without arrays. -

A

In Lesson 15 the students use
the vertical algorithm to work
problems where both factors are
two-~digit numbers. The work-

» siteets are completed as a class
discussion with you illustrating
the work at the chalkboard.

Lesson 17 provides additional
practice in using the vertical
multiplication algorithm., The
students match parts of multi-
plication sentences and parts of
problems written in vertical form
to parts of arrays. The lesson
reviews concepts introduced °
earljpr in the unit and provides
practice in multiplying with the
vertical algorithm,

Af this time you may want one

group of students to begin the

job booklet, While one group

of students does the job book-

let, the others can do the work-
sheets in this section with your
assistance. (See the Notes on
Teaching this Unit in the unit
;introduction.) .- .




Tesson 13: INTRODUCING AN ALCORITHM USING ARRAYS . .
The studcuts determiue an upper estimate and a lower eStimate N ’
for a range of numbers that contains the product of twc factors, | - .."
Rectangular arrays are used toevelop an algorithm for the U >
» multiplication of whole numbers. The studepts rename one = _ *°
factor as the sum of two smaller ‘fgl:tors. . L . . .
:MATERIALS -
. ' ,
~ N _ " . - Worksheets 76-78 ~ °
When your tca:her tells you, you v (independent) ]
<an do Worksheets 76, 77 and 78 L . -t e
nh::_or with & partner. — Worksheets 29 ana 80
* (discussion)
3 “ Borkaheets 79 and 80 areefor class - - . : . -
discussion. ] . PRDCBDURE ) . . ]
1 Have the students - . -
. ‘complete: Worksheets - T
76, 77 and 78 alone A

or with partners,
When, most children
have completed these, .
: discuss Worksheet 79 -
.- as a group. Then have L
“} . the children complete , Tt
Worksheet 80 and dis-
cuss it;

-

! @

- - - .
= »

Activity A ‘ .
~ Worksheet 76 presents the idea that, for example, 3 - 5 is
greater than 3 - 4. If any students have difficulty with this
idea, you may want to discuss more examples before the
- students continue the independent work, The students de-

c terming, an upper and a lower estimate for a product of two
! »
) 89
S5¢ - )
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- [ -"U“‘“*‘.,,(’ o . Borksheet 76 (runt (nued? - <. o~ 4 .
o1 tadT . . P -
* - 6-6-7 . 4+ 6 falls 10 thas intersal:
A
;. Bhi b aa gfrater? Toar le une tulupne’um; «.5 > - <Tﬁ Pl 3_;‘.%
protlem 6 eah [eir . «-7-28 )
)a. nr@ l@("l 9>ur9‘7 20 ',
¢ So 4 ¢ 6 must e greater than -
‘- " b1t i the blgnks j and less then = .
)..,'f/z 3-,5'_!‘5 J --’ Istrene—‘i ., * —
s - r"f;: ___Q _'f. I areater ) FLIL in the bianks, Durken in the Intersal.
H . ! ’ q N : -
e Sﬂ ° ie wrenter | 897 3 -9 falls in ths intetval: .
. 2.4 dL D A A A A A
» 7 — 3.10-39 s 12 15 8 21.2¢ 77
: A : .
e 3} %aedless than ) 7 3-8 T 503« 9 mst be greater than /%
)»lOL\.xre.-‘!_fr'!haml-!l'J-lO ;...g lmflessnuna
3 odi ! uf 3 - Temust be geeater than 1S and * -
:-.:h:y::.r. ]:) ! .' - o - 7 7‘ , T - 7 falls 1 this interval:
A _
3 - 7 syst fall tn this foterial . 42‘ & > . .
T 1-;- @2 4% 6 1M
. . .
T 03 6 9z A5 18 2 24, 0 W . S0 7 7”'"'""*'"\“42
. . and less num.ii. . .
. - ) x
L4 -
’ *
, . . .
A 3 - * -
Rorkebet T, M e factors. For example, 3 -7
gt N . .
. 3 is greater than 3.+ S, but is
TFAU an the Blaks Darken 1 theantersal o ‘,ﬁ_‘f . less than 3 - 10, So the prod-
) " 30 _-— o o .uct of 3 - 7 falls between the
310 T . — | products of 3 + 5 (15) and
V.o 00, xn % 4 % & 10 %0 X .
.- . 20 3 - 10 (30) on a number line, p
~o 3 ¢ 14 mux by greater than .
N - and jees than @0 The students find the interval
- e et N —— (range of numbers) that contains
. ]
N2 ‘JaQ N SR U | " the product of two factors.
oo o0 %0 "“’ol“ 0w (This worksheet does not raise
) S 300 3 et e greaten that 2l the question of shortening that-
and jess thap n‘ range ) d ~
e e el e e e fange. ‘ "
s 20 . , :
0 80 200 0 400 300 600 700 BOC 900 . , -
200 - ¥ musy e greater 1han 300 ° Worksheet 77 contain’s more
' e "‘“"'“ o problems where the students
s ou 22 '1 must firid the range of numbers
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: L 2-13 30 namunummnmpOn that a product falls within.
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» . . . rl . h ' -
‘Worksheet 78 uses rectangular arrays to introduce an algorithm
) » for multiplying whcie numbers. One factor is renamed as the
) sum of two smaller factors. This algorithm is a helpful tech-
. nique the children can use to multiply humbers greater than-.
. . . the basic multiplication facts. This worksheet involves num-~
- . " pers less than 10 where the ‘dlgorithm is probably not needed,
) but may at times be helpful. For example, the students probs.
‘ ably knpw that 4 -"8 = 32. " But if they should forget the prod-
. - . - -uct of 4 - 8, they can use the aigorithm and write the problem’
- . €, Aas, (4 " 5, + (4 ¢ 3)- . Y
. if -
~ . * e ?‘:& - : * . v 3’.'“. : a,
. . Serkshost 78 - Neme - Worksheet 76  (continued) ) : :. .
. Untt 27 . . s . . : L 1
. . 2-721 f :
402 . s l "" -g-' —b—
] P ¢\ * o :
{Q.g:.-l’o]l '2.1=|g.‘|.¢g.31=_&._@_=ﬂ
$-0~14--9% + (4N s Ny —
4-8: B o+ 12 R . —
4a-9:m " " - ) 1 . 2 L .
; "4 ~ t-3=11 .-a| ;QL-_LQ =£o_!_:_3__
6-6:2 ° ’ § o < - -
: N I 9-4=2 | ! - ' '
PR R R RY DN R | -’ ’,“hl . A i
66 :_ 7 . /& ; 1 ae .
! b 6= 36 ' i 248 RIE «q&m” 3‘\
- ! '3 - - he JA
4 9= o B i
i 3.0 -:‘ v e } - ) . ] ) ‘ .Ii . [y
3.8:13-81 ¢33+ v ) :
.85 45 . 49 Y e-s=1l.9 .2 sv:i_olf’:__‘_’_
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, ., - . Activity B - T s ..

As a group dis-uss the top half of Worksheét 79, This con- °
. B tinues the multiplication algorsithia developed on the previous
. ' worksheet. Two methods of partitioning a two-digit factor -
' are shown. The factor is 12, One method is to partition it
’ . into 8 and 4. Another method is to partition it into 10 and 2.
" llo dffort is made to suggest that one way is befter than the
other. Have the children discuss both methods. Perhaps h
. they might prefer to partitinn 12 differently —6and §, for
- exampie. Encourage the students to use the method. that
' works best for them, The students should'see that partition-
o . . ir¢ a two-digit factor into smaller elements makes multiply-
! ing easier,

i " Have the chjldren complete the bottom haif of the work'sheet,
K Thesé exam} les show two methods of partmonmg 14. Dis-
+ Cuss both methods with the children.

- ’ [

L} P | Class Discussion l
>

. 9
-4
&
O

.4, ) 4.
¥ 4y . 45 ~ $0. 20

162
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- Give the students a few minutes to do Worksheet -80. _The
two-digit factors on this worksheet have been partitioned

- ‘into tens and ones. When most children-have completed the.
pages, discwss their work, explaining that it is sbmetimes °
easier to multiply a two-digit factor by .partitioning it into
smaller elemeitts in a particular way, such as tens and ones.,

- l(‘hu Dl!cun!ull /
: ‘ Sochepast 89 (camt inwnd) 3 .o :
Sorksteet 20, Near . .
Uit 27 -—i
, ) 13 o
. . . E
- g Filt in the blanks. . ".‘
- - . [} 36 ¢ 0 =.‘)_0
' 6 ; ] Q. o % : s .
% + " . ¢ - - ‘ ﬁ,
* ’.5
I, 10 Ll b 7 R 10y .13y WS
H o.. "7 b - y 2 0 @0 . .
Jo. m-,‘__ 70 Ha v%-_'&.. s (.’!:f_nc_i_‘it
\—L' - l‘l‘j&_ ‘ . YO : _&— * ]
.1 z \ - ‘... - L. ' 18 * 1:
: I ) j y-6
g 90 9 s Al 7.10=720 '7.48 H10:H0 |-44 ]
" ” e L zd . ther
4 so -
e T SU R . T 414 =(-10) +(‘1"3
4 4 e are — .4 2(7-14)6C?9) 4o+ QY.
SN - ¢ -
Z jg- X "/Q IH_ _ ..li, ?0 + - 64
T K 30 - 2o = 98
« e . -
b
\ , -
- ! -d -
5 *




‘*lesson 147

\AULIIPIYNG‘ 'I‘WQ—DIG;IT NUMBERS USING ARRAYS

€

numbers,

MATERIALS - °

L Y

Vorksheets gl -

.

A

>

84 (indepeﬁderxt)

a -

- Workshe,ef 85 (fast workers)

e
5

wiil do Worksheets 81,

.
in this lesson all the students
2, 83 and 94.

Stedents who serk fist can do
Sorkaloet 885.

EN

pRoc@miE"' Br

PR

In thns lesson the chxldren c0mplete worksheets mdependently.
They learn to multiply two—digit numbers by partit
In this process they rename a two-digit number a%

ing arrays.
o smaller

Have the children

* complete Worksheets
81 through 84 inde-
pendently or with
partners. In Activlty
B, you discuss two + °
worksheets from
Activity A,

[y

- »

.

Activity A

On Worksheets 81
and. 82 the students
do multiplication
problems, ‘each in-
volving a two-digit
facfor. They use
arrays that have been
partitioned into
smaller arrays. The
two-digit factor is
partitioned into tens -
and ones,

0:.

A

‘Y




Surksheet 61 ’ . ) Vethimet B2
tnit 27 . e ] j 4 [PV AR

- s -

FLEE 1n the blanks to find the products. > gwr e

— N . Fill in nne blanks to find the pn‘ucu'
’ B .

' -

=t 40 .
. -
3 - uo N | o 10408

" e B
. Yy ) T e .
. 6~o..‘0(- s;i . . ad
N A IRAL -
e —'.‘_ ‘. , -1 - e 101ou‘

. oL Yo

10 3
’

¥
i

d 18 -9 =7

’ J -

M 10 +8) - 9

&

-|2‘:6' : . »

. .
- - .
o -6 ' 9‘1.152 » 2 in

-

e ' - q? .._fli

12-6: 010 - 61+ 2, &

-eo._-_/_.,z_ *—/—éiﬁ-

“On Wor¥sheet 83 the students multxply problems where both
[factors are 'two—‘ai.gﬁt Aumbers. In each problem, a ‘arge array
is partitioned into four smaller arrays of tens and ones.

(2Y

v 3 A (A
On Worksheet’ 84 the students must partition each array them-\"
selves and then use the arrays to find the product of each
problem. ‘In‘the first problem only one factor is a two-dlgit
number. In the second problem both factors are two=digit

- numbers., The students can partition the arrays in any way
they want. Have the students save this worksheet to discuss
i Activity B.
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:ﬁﬂ":"“ P M. e Barkheet 83 1icontinged! L
‘e . . .
A . R TIN T R T .
Do . . o . . ;
‘o.‘- Y .S i 10 P .
’ T- ; w2 13 oo
e 5t v - . . . . ‘z' \' .
- ' i~ NPT -
W 10-10° go.s) oS P o0 10| L0, 10 0019 4 QQ (10 +4) - (10 + 9
ot s l; ”0 B . ¥
= 100 [ :
) ; : ) ' - .. .
1 e © . . L * - b . - —
2l 2-10:2 [2-8:10] . 100 Y4oiq 136
- - * . N - F a
- . . ~ -~ . !. .
¢ * - P . R -, ~ .
s ) ’ o5 2- ‘o 2 s - ? Fill in the sultiplicatiomsentences in the array. .
12 45 : 110 « 10t + (10 - 51 ~ {2 -,10) + (2°- % ¢ , - - - .
g “ ‘. v v v + Thén tinish i probite. N .
s ’/00 5——0 ,20 /o . T : . —
v - * - 7 X ,u-‘|9=ﬂ07wrw_/_Q_:iu’o«_‘_’_;Qn:«‘J-’n
. 8 _ /go ‘. L v v v \"
_ f— - P Ld0o . 40 | HO |, IE
. » . “ o i
o N . d6b '
.n‘ - . + N ~, Y - . *

»*
Partition this array into smatler arrays. Fill in

7 - . N
. Allathe bianks. Find the product of 3 - 13.

3-|31!J.'ayo|3.3 i /',..'“
¥ , T
. . 3o ., 1 .
e 31
° %

»

:‘A’h;‘c_ dre Sedeu/o?'hn,.,wa,ys

Cror cayrition The artay

) v

Worksheet 84 {gont inued) .

Y

Partition this array into smaller arrays. Fill in

r

all (e blanks. Find the product of 11 - 18,

L] .
A IR TN A

k]

» Y

. ., .- ’0. ' i 0. l-'d .
NN l——\b&‘ l.ﬂ&!:.)‘l____) {

L

. v v
.00, $o0 , 10§
.98
L .




Worksheet 85

it M Worksheet 85 is for fast
T _workers, The problem
on this page involves
,multiplying a two-digit
number by a three-digit
number, It may help to
tell those children who , . °
p try this worksheet that ,
80 +.300, for example,
can be found my. multi- -
plying“8 < 3 and writing
.three zergs. Have all
children save this .
. . . worksheet whether or
~. 0.2 ' not they have completed
g it. .

v o9 w .l p
34000 . Q100 “YFo9 . 4ac 160 . K
© 3494

Activny B

For additional practice, you'may want to spend a second
class period on this lesson to-discuss Worksheets 84 and 85,
Have several students draw their solutions to Worksheet 84
on the ehalkboafrd ' . ! . .

Draw the ar‘ray from Worksheet 85 on the chalkboard, Not ‘all
-students will have done this worksheet, but encourage all to
help fill in the blanks to the problem { The students shpyld
' see’ that when a multiplication problem 1s“proken down into
small parts it is not as difficult a\s- it fir t appears. \ *
t v t

-
»
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' Lesson I5: INTRODUCING THEQERTICAL ALGORITHM.

—r

As a class the students begin writing the, vertical form of a
T - multipiication algorithin. Arrays are used to illustrate each
7 step of the algorithin, Worksheets provide the material for °
y the discussion., You may need to spend two class periods
on this lesson. '

s

.o ¢ MATERIALS

’ ) - Worksheets 86 - 90 (class discussion)

>

c . . PROCEDURE
- . , R % - - * I,
- " . . " }.7  Worksheets 86 through - -
: In lM\ lesson all the workshedts ° . 90 Shgllld be diS.CUS sed
.' wiil be done\together as l:lau - t . as a group. As the .
\ . : ' students proceed -
.. . ,::":" € et through the worksheets,  :'.
' w\ oY illustrate and explain
the work- at the chalk-
board. .

-

. .
The students first work
with one- and two-digit .’
factors, but can work

" with lerger numbers *
when they understand
the procedure, On the
next page is an example
of multlplying large
mumbe:s by ‘using an
- array and then the veg- ~’

_ +tical algorithm,” '

’ 1 ) hd .
. b a v 3
[ ‘e I 4 r“ - e -
. ) . 7/ A
' 105" : SRR
- U " N E
Al ¥
- . L4 _:'
-~ Y. - 3
* ' 15
, L3 A . - E
u " D * -
¥ ¢ t I
.
. » -
: \ L] L4 ' %i
. =
- ‘ -~ . j'
' . ) : b
B




7‘ 3&“’.

T e e o
N ‘A

P

&
g
200 30 9
{
) [ ]
N ;/ :
90| 90 - 200 = 45,000 90-30 } 90-49]
= 21700 = 8‘(}‘
) e . ¢ 7-30° | 7.9
7 .7+ 20C = 1,400 =210 63
-’ "
Write the vertical 18,000 = 90 - 200
algorithm that o A -
sdives the +2,700 = 90 - 30 .
’ .problem. 810 = 90 -9 )
4 ’ .
Bdd. 1,400 = 7 '. 200
v . 210 =57 30
e - 83 =7 :9
~ 23,183 = 97 - 239
N v . o .
““““ st [} ‘- “
- (% »
. / , ’ ) . .2 !
. g )
+* A Y .‘} i
- . . ' T 99
S

@ Write a multiplication problem using large numbers: 97 - 239,

@ Draw an array to illustrate the problem, Partition the aifay:

-

This example shows how to multiply 'large numbers using an .
array and the ¢ertical algorithm, - The students use the same
procedure with one- and two-digit factors.




JE e

| Worksheet 86 reviews the procedure of adding subproducts of
' pa‘rtitiorged arrays to find the total product. These subproducts
are totaled in vertical form outsiqe of the array.

On Worksheet 87 thesstudents draw arrows showing the associa-
tion between part of an array and part of a multiplication algo-
rithm. The students also fill in missing parts of multiplication
sentences. The vertical form of the algorithm is shown in each
problem, but nothing is said about it to the students at this

stage.

- -

- o U T T T T O R T
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= @ -

M 1
Class Diviussing
- A .
iy 27 Ny \ume - workihwet 86 Tront inued! .
(1Y diere 1n an array for 3 - B - - . N .
i ,S § - ; ) .
3 1t is partttioned inte’tens and vnes & B these preblesms
¥ ¥
: Fill in the product for each sultplisation . % - 98
" sentence % " ; 20 P
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Lesson 16 THE MULTIPLICATION ALGORITHM WHEN BOTH
FACTORS ARE TWO-DIGIT NUMBERS

.

‘. . As a class the stydents continue studying the vertical algo-
. - rithm, They work ‘problems where both factors are two-digit
¢ numbers .

MATERIALS ' )

~ Worksheets 91-93 (class discussion)
. -~ Worksheet 94 (independent prac;'tice problems)

PROGEDURE * , .

Worksheets 91, 92 and 93 should be completed as a group.
‘Illustrate the work on the chalkboard as the students read .

.- and fill in their worksheets. Allow them.time to work part of *
] a prrblem before the answer is gtven. Worksheet 94 involves
e - - . pract&ce -~ Jblems and test prob-
— o * lems ﬁl’nl.ar to what the children
. R i . ~did in Unit 24, ' The students
St .. B ‘| should do the practice problems
In this lesson all stwdents wil} ‘ eaCh day bEfore class time.
y e Serkaheets 31, 92 and 3 45 & clase . Then giva them a few minutes
— €4 Sorkstwet 34 hes several muitiplle - X during class to work the test
P * catign practice probleas and dent prob- problemsy’. The answers should

lems. You will do a few prebiess uct

day for_ome week. be posted so the children can

Da'net do the probiems en Serksheet ¥ - check their work.
=58 until your teacher tells you to. [

e Yy o L.

' Worksheet 91 introduces the stu-
dents to the procedure of multi-
plying two 2-digit factors. Go
through the worksheet with the
stud=nts, allowing them time to . ,
complete each step before the
answer is glvef.

2
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Workshéet 93 is two pages of multiplication problems where
both.factors are two-digit numbers. Give the students time

to complete the problems, and then discuss all problems or
)ust those the students had trouble with,

Worksheet 94 should be used for five days. Each day before
class, the students complete both practice problems. Post
the answers so they can check their work before doing the
test problems. Then give the students a few minutes to com-
plete both test problems. Put the answers on the chalkboard
so the children can correct their work and keep track of their
points. You may want to make up similar worksheets so the
children can have daily practice in multiplication using the

.vertical algorithm, The children can use scratch paper to
.work the practice and test probléms,

worksheet 94 "
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Lesson 17: MORE WORK WITHA VBRTICAL ALGORITHM

On independent worksheets the students match’ parts of multi-
plication sentences and parts of problems written in vertical
form with parts of arrays. Several concepts introduced earlier /
in the unit are reviewed. Worksheet problems provide more
practice in mu}uplytng with the vertical algorithm.

MATERIALS . .
. = Worksheets 95-97 (independent) °
— Worksheet 98 (fast workers)

- sheets of paper
PROCEDURE ‘ -
In Activity A the students complete Worksheets 95, 96 and
97 independently. or with partners. Fast workers can do Work~
sheet 98. In Activity B the students make up their own multi-
plication problems using the vertical algorithm they have been
“studying. ,

Activity A

On Worksheet 95 the students match parts of arrays with parts :

_of multiplication sentences. The students fill in missing
numbers in the horizontal form of each-problem. This work-
sheet emphasizes the horizontal and vertical forms for record-
ing a multipllcatlon problem. ‘

On Worksheet 96‘fhe' students also match parts of array§ 'Jvtth
parts of vertical-form multiplication problems.

1
.

{s




in this lossen you wiii do
Jorkshoets 96, 96 and 97 by your-
0! or with & partaer. Fast
wriwse can slse do Borkolwet 98.

Hatch the parts of the array te the parte of the
witiplication sentence.
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* Worksheet 397 provides a review of<several concepts ~pres‘ented
in this unit. These include: multiplying by 0,1, 5and 9,

. ~+, . and multiplying two-digit factors in vertical form, __ o
. Worksheet 98 is for fast workers. It introduces the students s I'
. . to multiplication by ‘a factor that is not a whole number, Ar- .
L rays are used to illustrate the procedure.
N ] ‘s 7 .
~ 'rm Werkers - ;
Vorksheet 97 Name , . i, ' - : A DR Y
“umte 7Y . R - orkshoet 98 1§ Name )
. . . . i Unit 27
* York thehwe pro?lenl. i 4. ) ©
2 .yl
4 s 0 18 T : —-o";l-o( ‘ ©.
S T (O L ai i |
0 S T A ?b : | a9-3:40 - o
N * . - o =70 . -
- ? T T 3 250.17. 0 -
s 12 19 +  oes &geh product - . 300 - ’; Had L
-1 -5 ] end in r 3? - . ; . L
35 L0 93 . Yes . R
2 ' * 1. ¢ - a
- N v | 2 e
.. - 1. ¢ =
I R Ay o Iyl Pl
. &3 7 product 97 . . » 8 B i Y R 6. 41 =
9 < Nes N AT RV S N o 1:2
I : - o .H-I =8 _’____ . . 4. 10
' ", iy =8-2%. :
» ; 0n 34 a 16 1.0 . §
& B e L S ) 2 -
39 32 2 113835 .
35 0‘ . ]00 }
380 - as 248 %0 339 3T
;i 00 P 3}9*“ L@—Q: i "Z{‘—T‘ N . .; 4 0 E
(6107 1175 oid [qgs5 . 89 CoT
> o N -
3\ Activity B - ‘ .
AWhen the students have completed the independent worksheets,
} have them find partners and create their own multiplication.
. problems on blank paper. Encourage them to 'multiply numbers .,
' . as large as they can using the vertical algorithm, Ycu may %
- : - want to have each child put a couple of his problems on the S j
: chalkboard for the other children to try. , j
’ ' ’ S
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PURPOSE . _ NS :

" In this section the students: °

- COMMENTARY -

looked somé combination of factors that must be jncluded. ln the‘

“_

~

? _ % 3

L
- . 3

- éontinue the work with Cartesian products that was intro~ e ~,‘; .
auced in Unit 25, Story-problems and worksheets provide
situations where finding the Cartesian product.is desirable,

- Review rec’ »ngular arrays and m’ultlplk:ation sentences,
. The students use .multiplication sentences to find the Car-
. tesian products of disjoint sets, They partition larger
_arrays into several smaller arrays, - .

e
- LY
’-t

A Cartesian p’roduct is ancther interpretatioh of multiphcatioﬁ.
The various ways -0of showing Cartesian products give pictorial
representations of the multiplication concept, 'A'Cartesian ~ .- _
product of two fets is the set of all ordered pairs that canbe -’
made by combining each member of the first set>with each mem-=- )
ber of the second set. (This idea is reviewed in the Commen- .
tary to Lesson 18.) . '\. et P
qutesmn products are indispensable in planning research pro-
jects, No experimental resulfs are valid unless every possible
combinatton of factors is investigated. The use of Cartesian * -
products enables the experimehter to, be sure he has not.aver- -

expenmental design, . : . : :

-

Lesson |8 reviews thé idea of a Cartesian product., The students ..
use fultiplication sentences to determine the total number of
ordered pairs that can be made from two ug:hint sets, Youread
and discuss § %qry-prqblem that motivates the childsen to deter~ .
mine the total number of combinations of peas and soil that mug
be tested in an egperiment.’ ] ' . s




> Lesson 19 includes another stddy-problem about testing food
. : for mice.” The children find all possible combinations of mice,
;. T food and vitamins. On worksheets the students use diagrams, )
O T “tables and multiplication sentences to determine the Cartesian =
~© &~ products.of various sets. ‘ L S

v . Y

- S . Lesson 20 reviews the concepts of arrays and Cartesian pro-
N . : _ ducts on ‘independent worksheets. The distributive property = -
N = of multtphcatlon is reinforced.

7
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’ MATERIALS

Lesson-18:- REVIEWING CARTESIAN PRODUCTS

Independent worksheets ‘and a story extend the concept of a
Cartesian product that was introduced in Unit 25.
- B

»

- red} blue, purple and pink crayon for each child
-~ Worksheets 99 and 100 (independent)
- “colored chalk

»
- »

PROCEDURE

In Activi‘y A the students complete Worksheets 99 and 100 -
independently or with partners. In Activity B, you read- alfd
discuss the story, "Growing Peas.™

. -
te

COMMENTARY _
A Cartesian product is another interpretation of multiplication.
. The various ways of showing Cartesian prodicts give pictorial
representations of the muitiplication concept. A Cartesian
+ product of two sets’is the set of 3ll orderéd pairs that car“be
. made by combining each member of the first set with each -
membet of the second set. If the first set is { red, blue }
and the second set is { circlz, square }, the Cartesian-pro-
duct is { red circle, red square hlue circle, blue square } .-

¢
-

Intermediate . Pairs in the
- Set A Set B Step- Cartesian product
-5
* _~circle’ (red, circle) -
Ted circle d\square (red, square)
circle {blue, circle)
blue _ !‘square blue\sq}1 are

(blue, square)
)

The number of members in the Cartesian product of two dis-
joint, sets (ne members in common) is the number of members
in the first set™ultiplied times the number of members in the
second set, 'In the example above there are two members in
the first set (red and blue) and two members in the second
sot (ﬂ:rcle and scuare), so the product is four,

=

12+

v ~-
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Cartesian products are indispensable in planning renar'c,;,h
. . projects. No experimental results are valid unless every :
possible combination of factors is investigated. The use of
o Caftesian products enables the experimenter to be sure he -
—— has not overlooked some combination. ) .

The word «"C.art'esian product, " are not introduced to the stu- .
dents.at-this time, - ‘

y Activity A
v On Worksheet 99 the stu-
" In ¥e nest tesesn pou i1l dents assign pairs of num-
. : eorimr oAt resd ot diocams & _ bers to ihtersections in a
. stery w1@ the cless. ' . Cartesian coordinate sys-
‘ you oo 60 Bevitacte 39 ant 208, tem. They also determine

the total number of inter-

sections in the coordinate

system by sultiplying, for

example, the number of ) T
stréets times the number

of avenues.

On Worksheet 100 the
students work two prob- |
lems where they cam write

a mulitiplication sentence

to determine the total num- .
ber of intersections. On .
two other problems, they

. find that the multiplication
: . sentence is not true.

" Activity B -
7+ Read and discuss the story-problem, "Growing Peas,” with ’
the class. ‘ ' ’
- ‘Q e
. 120
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) . Growing Peas
Farmington is a small town in very good farminq coun-
try. There is a large canning company there that cafis white -

corn and yellow cérn; gx:een beans, yellow beans, lima beans,
3 .
and kidney beans; and different kinds of peas. People in the

1

canning company test new kinds of vegetables to find beétter ' .

ones to can. Then they_ provide the seed for these new, better

A 4 3

vegetables to the: nearby farmers’ who grow the végetables that

are canned. -
i ° »

. ‘ . ‘
~ Mrs. Blye teaches second grade in Farmington. For

»

th?ee years her classes have had a summer preject. They grow - ’

H ) hd

‘vegetables_ for their families and friends in a big garden just

at the edge of town. Some children go every day to take care

.
7

-

of the garden.
Last year the corm , beans, tomatoes, beets, carrots,
and cabbages were wonderful, but.the peas didn*t do very

&

well. '1_‘his year the class wants %o change the peas. A .
" ~*f think we planted ‘the peas in the wrong kind of
.;;oi,l,"" sai‘d Iane; v
“i\lo, -r:swered Frank, "I thirk we used a poor kind

of seed. Let's get a new type of pea this year."

Joe said, "Okay, my father can tolp us “~cide. He

. : ' ST
. | 126 o




e

- 2 \ .
) tests seeds for the canning company. I'll ask him what type

-,
-

. of peas to plaht “
Two days later Joe reported. “My tather told me that
. they have four new kinds of peas that seem to be very qood P
but he ;sn‘t sure which would be best for the class garden.
He gave me a package of each kind. . Each kind of seed has
a name. This one is c:nlled'Green Monster, thii one Baby ‘
Wonder, this one Telephone Pole, ind this one Early Emerald. *
The clas; was éxcited about these seeds. "Shall we .\
' plant them all? " Sue asked. . .

"No, " Frank answered. “Let's plant only the best. "’

"But how will we know which Seed grows the best
kind of plant" . wondered’ Bill.

After talking about the pmblem for a while the, class
decided to test the seeds. There was t_;me to do this before -
garden planting. time.

Iane was still worrled-about the kind of soil to use.

ety

"I don't know what kmd of sou is best ﬁor pea plants, "

she sai_d.

*We can try different kinds of soil, also, " answered

-

. Sam. "Ted and I'will go to the garden and bring back

samples.”




© e

The next &ay Sam and Ted brought- in three pails of

soil. There were garden soil, sand, and clay.. The class

 decided they Would needto plant each Xind of seed in ee,ch

of the three kinds of soil. if they left. out a :eed—sou com-
bination it might be the very best one. X
Mrs. Blue said, "Here are ten pots left over from

last year. Will we need more? ™

What do you,think?




Suqqest to the children that the combinations be recorded so
they £Aan be counted. The children will most likely suggest

" “listing the pairs on the chalkboard, e.g. Baby Wonder in,

.sand. ‘They should discover that there are 12 pairs, but as

yet they probably won fy&ce that:
- '2’ (the number £ (the number of)

kinds of peas kinds of soil

" Explain that another way to find the combinationg is by using
a diagram. This is a possibility: :

R

Green Monster
Telephone Pole
Baby Wonder
Early Emerald

\:.

garden
soil .

Green Monster
Telephorie Pole
Baby Wonder. -
Early Gimerald

Green Monster
Telephone Pole
Baty Wonder
Early Emerald -

Il

Of course the varieties of peas cari be listed first and each
associated with three soils. Colored chalk may help clarify
the diagrams. ]
Anbﬂér;eful method is to construct a table, Remind the
children of the work tlr\ey did with Cartesian products in Unit
25. They determined thb\number of different sundaes they
could make with ice gream™and toppings. They also deter-
mined the number of tests to do with three conditions (mois-
ture, temperature and light) on pkants (grass and radishes)"
and on animals (mealworm beetle, ‘Sowbug and earthworm).
They made charts for those problems., , -

-~




' g ' ¢ Garden
: Soil ' ‘Sand Clay |

+ " —

Green Monster . X . X X

« Telephone Pole . X E x X

T e . Baby Wonder X ': x x

-3

Early Emerald , x x  } . o x

. {t should be emphasized to the children that'in a scientific
. experiment involving several combinations of components,
te the result is not valid if a- possibility is overlooked. - You-
»  may also choose to discuss the need for Leepmg other fac-
tors constant. For example, all the pea plants should have
as nearly the'same amount of light and water as possible.




Lesson 19: ° Mo;u:' CARTESIAN PRODUGTS ' .

Y ' More examples of Cartesian products are given in a story*-
problem and in ‘wotksheets, The.problems give the students
more experience with the-multiplisative relation of Cartesian

. ' prodycts and with jhe tdea of finding all pouible combina-
tions of the members of sets. . . <

-

. MATERIAIS . . ) 1

— colored chalk R .
~ Worksheets 101-103 (independent) .
— Worksheet 104 (fast workers) [ ) :

PROCEDURE .

In Activity A, you read and °
discuss a story-probiem

‘ about testing food for mice,
- In Activity B the students
complete Worksheets 101,
102 and 103 independently
or with partners, Fast

. workers .can do Worksheet
104; or, you may want to
have all the children do it
as part of a class discus- °
sion._ N

Activity A

Read and discuss the
i story-problem, "Testing
i ) Food for Mice.™

-




R Testing Food |
C for Mice

Y

-

n auan RSO v T
L L i L N
" ’ e g T
b f PO ; A L}
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‘ TESTING FOOD FOR MICE p
T ' ‘ 3 - AT
Some men'in a big company test food for laboratory ., ° ]
v mice. They have two kinds of mice: white mice and brown e

N . ] . * ) : KA +, . -
e - mice, They have fox\xr new kinds*of food they want to test. <
. N -, ’ . . . . ¢ . -
. o So far they don't have names for the kinds of food. They just IR
. - calil them A} B, C, and D. They alsc want to find‘out.if giv- . '
- ‘ * - A.‘;
«ingextra vitamins to the mice makes a difference in the way T
. L} * - .- T
-~ ’ . L

the mice grow. They have two Kinds of vitamins: V and W.

. How many combinations of mibe, food, and vitamins
. should the men test? - o . : o
\. L] L] L) L] /. * * '1
-~ . - \ _:\
This problem can be diagrammed in various ways, One way ) p
is shown here. You could draw the mice for a start. Then :
children can add to the diagram. Using colored chalk to draw . __ —————1
the different kinds of mice, food, and vitamins is effective. h
' Vo S :»:
.". . N “\ . > . : \\%
\\\ ) o ,‘:;
: <R ..-‘f \“ .
\\‘ %
v A o
, v w

LTI e - L [ . . . S A




A Y

-« oA Lt

;* The result of 16 combinatiohs should k ob d Bﬁ. ekoux'xting.

s T e Some children may discover that *his is thie use:
. . . ¢ . R - . . ) .
S . . (number of ,  (number af (number bf (total number
S " ‘kindsof- x kindsof. x -kindsof = of combina-
! g . -mice) «. -food) : - vitamins) tions) ' - e

r -

16

« A

. . 2x4x2=

]

. . . 'The formula for bbtaining the number of combinations is an “‘
. ' - ... ‘'excellent discovery. The children should be encouraged to
’ - make use of it ip finding-a Cartesian product, - ! :

Pl . » e i
.

Activity B . :

S — On Wark 101 the students determine the number of com-
-. . __w———TDinations of dogs and dog food.———'Pherdo*‘fﬁi’s 5 In three ways:
S a diagram; a ‘Ytable, and a multiplication senténce. Their
C T aaswers“hould be the same with each method. -~

-

o WorksbgeLLBZJnvolves the Cartesian product of eye colo;
and wing size of fruit flies, ,There are two sizes of wings - N
. .~ and two colofs of eygs. The students write a multjplication -

' ' ‘ sentence to detérmine that there are four different kinds of
fruxt flies, ~ I

#

e mmwmamxhe_smdents determlne the Cartesian pro-
‘ duct-of twe»ﬁnWer shapes ‘and three colors of African violets,

You may want to discuss Worksheets 102 and 103 with the
studemsat this time.

_ Worksheet 104 is for fast workers,- or can be used with all
. o the:stullents in a class discussion if you want, The students
v - . are told to chpose one of the three experiments {or to make up ,
' . their own) ,-and to plan the experiment. ‘They determine the ~ =~ *-
‘ total number of different tests for the experiment. They can _- .
D make a diagram, make a_table, write ordered pairs,. or write * ) .
. " a multiplication sentence to find the total number of tests.
Any students who want to should be encouragéd o actually )
- -carry out the experiment or a similar experiment. (See the
Minnemast Randboek, I.iving Things in Field and Glassroom )

)
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Sertmbnet
intl 27

Slahe’s fanily toves Guge.

They taught , ) sow rupies -- o dalantion, s bowsr
nla'-lla .

.n-.-n.uu ltnth‘umu‘t«"omc
Siats of dog feod -~ Biand ¥ and Brend Y.

Mﬁmub-mtmt'olmmdm
fon gach Sug 1ikse boet.

b“mmo Il" e hove to do?

. Nore sm “the dage. !hhoﬂ,cr.uﬂnntln
aany exgarimnts Blake witl heve to anbe.

Lt

» I

I\
Ly

»

g ‘ There o111 we_2

different enperiassnts.

~

.

-

. 3 - ¥
i‘e s -nmmuc'g m#u
e of 81! ons

.

Sortshoet 101  (cont inusd!

Now mnbe s chart to find the nuler of owpertamats.
,h

3
Y

)

* Teere wll h__._b enpeyismats.

find out e
of doge aod
| dog food. - '
LI
3 R .,
tnusher of .» tounher of (totsl musbor)
gt foods -
1 4
There wil) h_é_-‘.g-'-ﬂ-u.‘ . :

Did you got tiw comw total ta s} I wmpe?

. Yes .

forkaboet 100
. Unit 37

0 hoe semeitruit fiqes.

-Sens of the frult fiiee have big *inge nnl the rest
have smail wiage.

Sem of the fowit fiies have red eyes and the rest
have shite ayee.

Wov anny sises of winge ere there? /;

e aany celere of syes ore lm?t

There are tws sises of wing -- big and ommit.
There sre twe colors of eyes -- red and White. .
4 [y

s Color the eyos. Sems dix-einmd freit fijes Mave
red oyos and semp emmil-winged frult flies Nave red
eyes. Semm o each Mave white eyes.

?

. Worhsheet 1R (centinued)

abe o tablq to ohow how aany Rinds of fruit files

Small wing$

b’; Sf\d i nls

How aany different kinds of frutt Liles doen B2
have?

/ Con you write s amitipiication sentence to find out?

Write 1t

/.
. AU T
' / mutnr of 7 menber of (otel nusber of
H otng staes . tye celers diiferent fruit
/ : * fites
| ! =
‘o
L / oo
/ T
* » - - ‘e . ¢ ’
P \) ' - :

ERI!

Aruitoxt provided by Eic:
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Mheidin has seae African vielet plants.

Seas plants have flnr-mﬂd flowers The others
have irreguiar-shaped (lawers.

Sumn planis hove biue (lesers, same have pink
ﬂ.n_.: and seee have purple llewers. -

-h--'l'ﬂun shapes are there? .
»  Mes sasy (lewbr celers sre there? —20

Coter the flower pictures belew to Find out bow
—q'“lhnn! kinds of (lowsrs Sheidan has.

1

Ny O
C& D N «'r-:\) : 3
Lo bne WJ
~ ,~\:,»‘3 f\")

Sorkehoet $83 {continued) .

‘

Mahe 2 tabie to shon hov sany kinds of African

-

) blue ﬂ.\-t
‘I star .
shefc \\/ IRV v’ -

Hd Z3 u‘l"
Shaefe

-
Urite & suitipiication sentence to show how wony
different kinds of (iemers there sre.

2320

> vielets Shelden has. -~

£ . ‘
|F.u( 'orlwenl Al
LY . 13
N ! Sorksheer 104 ame Sorksheet 104  (continwed) .
. Lnlll n P q"swzrs w"‘( ._Ua.r? . )

-
Pretend vou are going to 4o an experiment. (hoose
one of these experiments and find out hew many
different tests you wiil have to make teo complete
h vour experipent .

Find out the number of tests by saking a tﬂ‘n(;l,
. or meking & table, or writing otdered pairs, of

eriting 2 sultiplication senterwe. Lue any method
- you want.

' Here are sme experiments. (hoose ane or make up

yesf o .

t. You are testing 2 kinds of fertilizer. The

"~ names are Super~Grow and Zoom. You want to
test these on J kinds of plants -- weraniume,
‘hegonias, and coleus  How many tests will you
have to make?

2. You are festing 2 kinds of plants -- moss s
ctus Yor mant to test @ kinds of moisture
S omditinne =~ wet and Ary  How sany tests will
you hase to make?

[ 4
3. You are testitig 2 kirds of food ~- Fish food
and dry dog fond  You are aoing to teat 1t on
& kinds of [ish <« snlljes, wippies, moons and
mosquito fish  How marf teste wi]] you have to
aake? 1

,
(w3 he next paxe tn plan
have to make

Chnose aml experiosent
* the different festx you w

Q

D Qfertiizers X delants =

Q@ Aglaats, X

~@)va‘?oim:b' X W Fish: 8 Tuts

For my experiment, | will Mave to make o tents,

. .
Why dori"t vou really try your cxperiment at school

of at howe? .
N A

é tests

A conditiens = {rets

ERIC

Aruitoxt provided by Eic: -
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\-Lgsson 20: CARTESIAN PRODUCTS AND ARRAYS ws
X \ _This lesson reviews the concepts of arrays and Cartésian
products on independent worksheets. The distributive proper-
ty of multiplication is reinforced. The distributive property: .
’ . 2-10=(2-6)+(2-4). ’

-

<

MATERIALS

~ Worksheets 105-109
. : ; (independent)

.
This (s the last lexson

of t!n untt. . PROCEDURB

In this lesson you will
do Sorksheets 108 through 109

. by yourssif er with yeur Have the children complete
parthes

Worksheets 105 through
109 independently or with.
- partners.

Worksheet 105 reviews
partitioning arrays. The
students fill in missing
parts of multiplication
sentences that illustrate
the distributive property
of multiplication.

On Worksheet 106 the stu~
dents partition arrays into
smaller arrays and com-
plete multiplication sen-
tences that represent the
total number of elements
in each original afray.

On Worksheet 107 the members of a Cartesian product are
~ . arranged in a rectanqgular array. The array is partitioned as
an 1llustration of the distributive property.

3 -

. On Worksheets 108 and 109 the students determine the total
number of ordered pairs that can be written from disjoint sets.

*

{
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L3
-

1
* his array Mas 2__ revs and ‘_€_ columns .

Tere are 5 - 13 or 12 little
squires in the array

Now tale the same array as abeve but
partitian it inte 2 parts.

\-

Serholwet 405 (conttaued!

] -

or
i""l"‘-"“ J_r-c.iﬂah _A_n-l_é_cu.
,_l_lui!q«-n _l___s_m 4 _A_w
| Migd Y00 & é!-!..*.‘._’

19 1t trwe that

Q

ERIC

-

47T = (4:-351 +» (4-2) = W @ »
This part hae 2 rees This part has .~ rows
and {0 columns, and 5 caluen. ~
It comtains § _ - © or {it containe 5. - _?-_ -
32 tittle squares or 45 Tittte squares. \
Add the twe rections toeether and you et )
Zo.ie .. 5y . 50,235 .95
b ~ a
¢ 108 ~ Sorlisheet 106 (continued)
YR .
™e array (o the rl‘l.hn
:_, revs and '__:_ columnd®, - A!\S'_k’tv's !
witl vavy.
1t containe l . i?_ o 3
34 aquares.
e arfay shove has .
"~ f ’ v )
“nsWers W, Javry. ‘ _8_-_1_0_."&-«-"- - ’

Orew & vertical 1 21 Iime te partition

.
the srray inte 2 parts.

bas:

One part Man: The other part
7 7
. POWN —— TOWR
— COT— — columns
-~ ]

e or L cquares

£
Altogether the array has-

_::,_ . ___or?_ﬂlmanﬁ

%
L3

rows  colume

Draw a vertical Hine (]} te partition the array.

5

PART ONE } PAXT TWO

- S0 810 -8 __ Vs 18

AL, rowm
Lo

Altogether Ii ¢ ) l_z LN B a_o_.

_ %o

columme rows — Columme
or __ squarex _x_-__or__uqutm
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Sortshoot 1OV ame °
Untt 27 " Sorbsheot MOV (contimd!
..’. '::n u:tt: ;‘::.: et eca ——er
Taal Cr Y ' wa| Co .Y o
Marvin L » L} Matvis e [ L
mber of beys -A_ mber of col - « -
of anrbleos = Mlmrlm. Por 2 Supe ond | anitle,
b - there are _I__boy-ancbie | thore are Say-aseble
Nmber of hoy-marbie ordered patre = X7 potre. puirs.
| 4.'a
4 for 2 bape and 3 marbles, twre o .
Suppese the beps lese the green sarble. - .,b Sop-sarbie pairs. . , -
Tow hov ey Sey-smrtie pairs are there? . »
- o - You lmew thet 2.3 -_b__
. Cr [+ 3 Cg You slse lmew ﬂ-!iti!-"-.l-}__
aal L] » ! g * .
: v lothis trwe: 8 -3 =1(2 -2+ (2- 11 =¥
n (Beys] + A tgarbles! = | n theys! - a learbles) = @ P—
ﬁ_-.;_:_imnn Q-_-J_!iby-ﬁh ' tr
. paire . paire.
- Sortwheet 100 Name )
Worksheet 109 Neme Unit-27 R
tmit 27 -

Urite the multiplicetion sontonee
!h,! talls the total nusher of ordered puire.

- Now @any different cosbinations of Flowers and vases Sot A set 8 | Wuitipliestion Senionse
oy m— 19 plates © spoens w-0=0
Set A - flewes Set B - vases ——— —— I 10 -
:::' :::::,’ - 1 10 poncils 8 eresers ]10. & = ao
eaise ) 10 basebulla | 3 bate j0-3:= 30
rite 'M.Mrd paire. The first soe te dene. : 10 Fingere 4 ringe 10-4 = U 0
(tulips, alses) 10 telephones| S poeple [0-§=250 .
e e 16 stodonts | S toecier | /10 6 = GO
{roses, '.;‘t:{; Wotilews | 7 bede 10-7:="10
(Ziania3,qlass) 10 beate S lats 10-8 = &0
u’-"""U,UNT"C"f 10 gerbile ? caged 16-9= 90
' FITT in th1s sentence 10 dovin 16 chalre w10 = 100
uirof ._aird -lﬂnba"rof Borus: Mok W your o
-:::Am -::;'In ordered poirs r'; " 0 - 11 =110
' - ) ] 0 |& > 140 - .
S 0 I 0 (5= 130 1
. . .
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